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THE ANNUAL MEETING IN ATLANTIC CITY 
AND PRINCETON 


The thirty-ninth Annual Meeting of the American Mathe- 
matical Society was held at Atlantic City and Princeton, New 
Jersey, from Tuesday to Friday, December 27-30, 1932. The 
sessions of the Society, Tuesday to Thursday inclusive, were 
held in the Hotel Morton in Atlantic City; the events on Friday 
took place at Princeton University. The arrangements as made 
by the committee, of which Professor J. R. Kline was chairman, 
were excellent and the meeting proved to be exceptionally in- 
teresting and pleasant. 

The meeting opened on Tuesday morning with a joint session 
of the Society, Sections A and K of the American Association 
for the Advancement of Science, and the Econometric Society. 
At this session, which was devoted to mathematical statiStics, 
Dr. W. A. Shewhart delivered an invited address on Probability 
as a basis for action. This was discussed by Professors E. V. 
Huntington and Harold Hotelling. Tuesday afternoon and 
Wednesday morning were devoted to sessions of the Mathe- 
matical Association of America. 

A meeting of the Board of Trustees was held on Tuesday 
afternoon. The Council met on Wednesday afternoon and on 
Thursday evening. 

Tuesday evening and Thursday morning were devoted to sec- 
tional sessions. On Wednesday afternoon, at a joint session with 
Section A of the A.A.A.S. and the Mathematical Association of 
America, Dean L. P. Eisenhart delivered his retiring address as 
President of the Society, entitled Some recent developments in 
differential geometry, which will appear in an early issue of this 
Bulletin; and Professor E. R. Hedrick, as retiring Vice-Presi- 
dent of Section A, spoke on Tendencies in the logic of mathe- 
matics; this paper will appear in Science. 

The annual dinner of the mathematical organizations on 
Wednesday evening was held in the Hotel Morton, 235 being 
present and President Eisenhart acting as toastmaster. Profes- 
sor Oswald Veblen spoke on the new Institute for Advanced 
Study; Professor Virgil Snyder on the demise of the Interna- 
tional Mathematical Union; Professor R. C. Archibald read ex- 
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tracts from a letter about the new congruence machine invented 
by Dr. D. H. Lehmer; and the incoming presidents, Professor 
A. B. Coble of the Society and Professor Arnold Dresden of the 
Mathematical Association, spoke briefly. 

The annual business meeting on Thursday afternoon was fol- 
lowed by a general session. Later in the afternoon the tenth 
Josiah Willard Gibbs lecture entitled Thermodynamics and rela- 
tivity was delivered by Professor R. C. Tolman of the California 
Institute of Technology. This brilliant paper will be printed 
both in this Bulletin and in Science. 

Friday was spent at Princeton University, the late morning 
being devoted to an inspection of the new mathematical build- 
ing, the Henry Burchard Fine Memorial Hall. In the afternoon 
there was a symposium on A pplication of the operational calculus 
to mechanics, participated in by Professors J. von Neumann, 
G. D. Birkhoff, and Eberhard Hopf. After the session, tea was 
served by the ladies of the department. 

The attendance included the following two hundred twenty- 
four members: 


C. R. Adams, V. W. Adkisson, R. P. Agnew, Beatrice Aitchison, J. W. 
Alexander, R. C. Archibald, H. E. Arnold, C. S. Atchison, Frank Ayres, M. J. 
Babb, R. W. Babcock, C. L. Bacon, N. H. Ball, E. F. Beckenbach, E. R. Beck- 
with, A. A. Bennett, G. D. Birkhoff, A. H. Black, H. L. Black, Archie Blake, 
Henry Blumberg, Joseph Bowden, J. W. Bower, N. R. Bryan, R. W. Burgess, 
J. H. Bushey, W. H. Bussey, W. E. Byrne, S. S. Cairns, W. D. Cairns, R. H. 
Cameron, B. H. Camp, P. A. Caris, M. E. Carlen, Leonard Carlitz, W. B. 
Carver, G. G. Chambers, W. F. Cheney, Alonzo Church, J. M. Clarkson, A. B. 
Coble, Abraham Cohen, J. B. Coleman, T. F. Cope, L. P. Copeland, C. H. 
Currier, E. H. Cutler, Tobias Dantzig, H. T. Davis, F. F. Decker, M. F. Deur- 
ing, C. E. Dimick, H. A. DoBell, J. L. Doob, J. L. Dorroh, B. F. Dostal, Jesse 
Douglas, Arnold Dresden, L. A. Dye, Paul Eberhart, L. P. Eisenhart, H. T. 
Engstrom, G. C. Evans, G. W. Evans, H. S. Everett, F. J. Feinler, E. J. Finan, 
W. B. Fite, M. M. Flood, C. H. Forsyth, Tomlinson Fort, A. L. Foster, T. C. 
Fry, A. S. Gale, F. J. Gerst, D. C. Gillespie, Michael Goldberg, H. V. Gum- 
mere, R. M. Gut, C. H. Harry, W. L. Hart, G. A. Hedlund, E. R. Hedrick, 
Robert Henderson, T. R. Hollcroft, Eberhard Hopf, I. O. Horsfall, Harold 
Hotelling, E. V. Huntington, J. I. Hutchinson, Louis Ingold, M. H. Ingraham, 
Dunham Jackson, Nathan Jacobson, R. P. Johnson, B. W. Jones, E. R. van 
Kampen, Ralph Keffer, A. J. Kempner, W. S. Kimball, J. R. Kline, Morris 
Kline, M. S. Knebelman, P. A. Knedler, H. L. Krall, W. D. Lambert, K. W. 
Lamson, W. W. Landis, V. V. Latshaw, Solomon Lefschetz, A. M. M. Lehr, 
D. D. Leib, D. C. Lewis, H. G. Lieber, L. L. Lowenstein, C. I. Lubin, Dorothy 
McCoy, N. H. McCoy, D. L. McDonough, James McGiffert, L. A. MacColl, 
C. C. MacDuffee, H. M. MacNeille, H. F. MacNeish, M. H. Martin, A. E. 


1933] ANNUAL MEETING 163 


Meder, C. W. Mendel, W. M. Miller, H. H. Mitchell, E. C. Molina, E. I. 
Moody, C. N. Moore, E. M. Morenus, C. B. Morrey, W. K. Morrill, Richard 
Morris, Marston Morse, G. W. Mullins, F. D. Murnaghan, C. A. Nelson, 
M. M. Ness, John von Neumann, C. O. Oakley, H. L. Olson, Oystein Ore, 
L. J. Paradiso, E. D. Pepper, H. B. Phillips, G. B. Price, W. R. Ransom, H. W. 
Raudenbush, G. E. Raynor, M. S. Rees, C. E. Rhodes, R. G. D. Richardson, 
D. E. Richmond, H. L. Rietz, J. F. Ritt, H. P. Robertson, L. B. Robinson, 
S. L. Robinson, W. H. Roever, C. F. Roos, M. F. Rosskopf, F. H. Safford, I. J. 
Schoenberg, H. E. Schoonmaker, C. E. Seely, Wladimir Seidel, Joseph Seidlin, 
F. R. Sharpe, I. M. Sheffer, W. A. Shewhart, J. A. Shohat, L. G. Simons, James 
Singer, L. L. Smail, C. H. Smiley, C. E. Smith, D. E. Smith, T. L. Smith, 
W. M. Smith, Virgil Snyder, G. Y. Sosnow, A. E. Staniland, E. P. Starke, E. C. 
Stokes, D. J. Struik, M. M. Sullivan, P. M. Swingle, J. L. Synge, J. D. Tamar- 
kin, J. S. Taylor, M. E. Taylor, E. W. Titt, R. C. Tolman, C. C. Torrance, 
J. I. Tracey, J. L. Vanderslice, Oswald Veblen, H. E. Wahlert, G. W. Walker, 
J. L. Walsh, R. M. Walter, J. H. Weaver, Warren Weaver, J. H. M. Wedder- 
burn, D. W. Weeks, F. M. Weida, A. P. Wheeler, H. S. White, Hassler Whit- 
ney, G. T. Whyburn, D. V. Widder, Norbert Wiener, A. H. Wilson, C. R. 
Wilson, E. W. Wilson, W. A. Wilson, R. G. Wood, F. S. Woods, C. H. Yeaton, 
Oscar Zariski, Leo Zippin. 


It was announced that the following persons had beer elected 
to membership in the Society: 


Mr. Harold Freeman Archibald, Ohio State University; 

Miss Muriel Amanda Bowden, St. Agatha School, New York; 

Mr. Alfred H. Clifford, Pasadena; 

Dr. Max Friedrich Deuring, Yale University; 

Mr. William C. Flaherty, Georgetown University; 

Professor John Albert van Groos, Oregon State College; 

Professor Dwight Francis Gunder, Colorado Agricultural College; 
Dr. Rudolf Max Gut, Yale University; 

Professor Winslow N. Hallett, Cedar Crest College; 

Mr. Orville G. Harrold, Jr., Stanford University; 

Professor Eberhard Hopf, Massachusetts Institute of Technology; 
Professor Ralph Hull, State Teachers College, Maryville, Missouri; 
Professor William Warren Jones, Kentucky State College; 

Mr. Morris Kline, New York University; 

Mr. William Irving Miller, University of Pittsburgh; 

Professor John von Neumann, Princeton University; 

Professor Sylvia Louise Parker, State College, San José, California; 
Mr. Victor Perlo, Corona, New York; 

Professor Emily Chandler Pixley, St. Francis Xavier College for Women; 
Dr. Mildred Marie Sullivan, Harvard University; 

As Nominees of Allyn and Bacon: Mr. Ingo Maddaus, University of Michi- 
gan; Mr. William Clare Taylor, University of Wisconsin; Mr. Charles Bartlett 
Tucker, Brown University; 

As Nominees of the National Life Insurance Company of the United 
States of America: Mr. Carroll Parker Brady, University of California at Los 
Angeles, and Mr. Floyd B. Jones, University of Texas. 
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The Secretary announced that the following persons had en- 
tered the Society under reciprocity agreements: 
Professor Alfred Haar, Franz-Joseph-University, Szeged, Hungary; 


Dr. Raymond Edward Alan Christopher Paley, International Research 
Fellow, Massachusetts Institute of Technology. 


The ordinary membership in the Society is now 1882, includ- 
ing 61 nominees of sustaining members and 83 life members. 
There are also 19 sustaining members. The total attendance of 
members at all meetings in 1932 was 712; the number of papers 
read was 321; the number of members attending at least one 
meeting 525. A striking feature of the year is that membership 
held up to previous figures. 

At the annual election, which closed on December 29, and at 
which 251 votes were cast, the following officers were elected: 

President, Professor A. B. Coble. 

Vice-President, Professor J. W. Alexander. 

Associate Secretary, Professor J. R. Kline. 

Librarian, Professor R. C. Archibald. 

Member of the Editorial Committee of the Bulletin, Professor 
D. R. Curtiss. 

Member of the Editorial Committee of the Transactions, Pro- 
fessor F. R. Sharpe. 

Member of the Editorial Committee of the Colloquium Publica- 
tions, Professor Oswald Veblen. 

Member of the Editorial Board of the American Journal of 
Mathematics, Professor E. W. Chittenden. 

Members of the Council, Professors G. D. Birkhoff, G. A. Bliss, 
L. M. Graves, Einar Hille, and G. Y. Rainich, to serve three 
years. 

Members of the Board of Trustees, Professors L. P. Eisenhart, 
W. B. Fite, Dr. Robert Henderson, Professors G. W. Mullins, 
and R. G. D. Richardson, to serve two years. 

The reports of the Treasurer and of the auditors (Professor 
H. W. Reddick and Mr. J. J. Tanzola) showed a balance of 
$3771.93, exclusive of the balances in the Bulletin, Transac- 
tions, Colloquium, Journal, Library, Sinking Fund and special 
funds. The Society’s Endowment Fund, invested in securities of 
par value $77,000, yielded in 1932 a net income of $3544.16; 
sustaining memberships for the year amounted to $1700. The 
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amount received from sales of the Society’s publications was 
$7756.17. During the year special contributions from members 
were received to the amount of $1032.09. The trustees adopted 
a budget for 1933 showing estimated expenditures and receipts 
as $35,559.25 and $35,239.25 respectively. The Librarian re- 
ported that the Library of the Society now contains 7800 
volumes. 


The following appointments were reported: as tellers for the 
election at the annual meeting, Dr. J. L. Doob, Dr. J. M. Feld, 
and Professor C. O. Oakley; as representative on the National 
Research Council for the period beginning July 1, 1933, and to 
succeed Professor D. R. Curtiss, Professor R. G. D. Richardson; 
as the committee on nomination of the Gibbs Lecturer for 1934, 
Professors L. P. Eisenhart (chairman), E. T. Bell, and R. D. 
Carmichael; as representatives on the Council of the American 
Association for the Advancement of Science, Professors Louis 
Ingold and M. H. Ingraham; as the nominating committee, 
Professors Dunham Jackson (chairman), G. D. Birkhoff, Dr. 
T. C. Fry, Professors R. L. Moore, and W. L. G. Williams; to 
represent the Society at the dedication of the Mary Reed Li- 
brary of the University of Denver, October 28, 1932, Professor 
A. J. Kempner. 

It was announced that Professor Norbert Wiener had ac- 
cepted the invitation to give the New Haven Colloquium and 
that his subject is tentatively chosen to be Analytic properties of 
characters of Abelian groups. 

Future meetings of the Society were announced as follows: 
New York, February 25, April 14-15, October 28; Stanford 
University, March 18; Chicago, April 14-15, June 19-24; Pasa- 
dena, December 2; Cambridge, December 26-30. 

‘It was announced that the invitation from the University of 
Pittsburgh and Carnegie Institute of Technology to hold the 
Annual Meeting of 1934 in Pittsburgh in connection with the 
meetings of the A.A.A.S. had been accepted. 

The Secretary reported that at the request of the group on the 
Pacific Coast, Professor B. A. Bernstein had been appointed to 
act as Secretary in place of Dean T. M. Putnam, who is on 
leave of absence, during the period January 1—August 15, 1933. 

It was announced that for the year 1933 the Transactions 
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would give fifty free reprints to authors instead of twenty-five. 

Professors Harry Bateman, G. D. Birkhoff, and J. F. Ritt 
were reappointed for a period of three years, 1933-35, as repre- 
sentatives of the Society on the editorial board of the Annals of 
Mathematics. 

The papers whose titles appear below were read in five sec- 
tions. Professor G. D. Birkhoff presided at the section on Anal- 
ysis on Tuesday evening (papers numbered 1 to 23), and Pro- 
fessor A. B. Coble at the section on Algebra (papers numbered 
24 to 34). At the joint session on Wednesday afternoon Vice- 
President H. H. Mitchell presided. On Thursday morning Pro- 
fessors D. C. Gillespie and Tomlinson Fort presided at the sec- 
tion on Analysis and Applications (papers numbered 35 to 51), 
and President L. P. Eisenhart and Professor A. B. Coble at the 
section on Geometry, Foundations, and Point Sets (papers 
numbered 52 to 66). Presidents Eisenhart and Coble presided 
at the general session on Thursday afternoon (papers numbered 
67 to 73), and Professor Birkhoff at the Josiah Willard Gibbs 
Lecture which followed. At the Princeton session Professor Os- 
wald Veblen presided. Mr. Joseph Lev was introduced by Pro- 
fessor D. C. Gillespie, Dr. Frances T. Cope by Professor T. F. 
Cope, Miss Griffin by Professor J. M. Thomas, Mr. Blumberg 
by Professor J. S. Taylor, Miss Van Hook by Professor H. R. 
Brahana, Mr. Knipp by Professor F. A. Foraker, and Miss 
Lawrence by Professor Edward Kasner. The papers whose ab- 
stract numbers are followed by the letter ¢ were read by title. 

1. The effects of linear transformations on the divergence of 
bounded sequences and functions, by Mr. Joseph Lev. (Abstract 
No. 38-11-290.) 

2. Infinite systems of differential equations with applications to 
partial differential equations, by Dr. D. C. Lewis, Jr. (Abstract 
No. 39-1-1.) 

3. Concerning the double Poisson integral and its derivatives, by 
Dr. C. E. Rhodes. (Abstract No. 39-1-2.) 

4. Newtonian potentials as functionals of the masses, by Dr. 
Mildred M. Sullivan. (Abstract No. 39-1-3.) 

5. An analytic criterion that a surface possess finite Lebesgue 
area, by Dr. C. B. Morrey, Jr. (National Research Fellow). 
(Abstract No. 39-1-64.) 

6. On equations in mixed differences, Part III, by Mr. L. B. 
Robinson. (Abstract No. 39-1-5.) 
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7. Some applications of Murphy’s theorem, by Professor Harry 
Bateman. (Abstract No. 39-1-6-+.) 

8. The fundamental theorems on second-order cross partial de- 
rivatives, by Dr. A. E. Currier. (Abstract No. 38—7—172-1.) 

9. Concerning the uniqueness of solution curves of dy/dx 
=f(x, y), by Professor F. R. Bamforth and Mr. H. H. Alden. 
(Abstract No. 39-1-7-+.) 

10. Formal solutions of irregular linear differential equations, 
by Dr. Frances T. Cope. (Abstract No. 39-1-8-1.) 

11. The length of closed level curves of a harmonic function, by 
Dr. C. H. Dix. (Abstract No. 39-1—9-t.) 

12. On the existence of the absolute minimum in problems of 
Lagrange, by Professor L. M. Graves. (Abstract No. 39-1—10-1.) 

13. On minimizing the quotient of two definite integrals, by Pro- 
fessor E. L. Mackie. (Abstract No. 39-1-—11-+.) 

14. Summability for absolutely convergent series, by Professor 
Florence M. Mears. (Abstract No. 39-1—12-t.) 

15. An extension of Leibnitz’s formula for product-differentia- 
tion to differentiation and integration for all real orders, by Pro- 
fessor I. M. Sheffer. (Abstract No. 39—1—13-1.) 

16. On the summability of derived series of the Fourier-Lebesgue 
type, by Dr. A. H. Smith. (Abstract No. 39-1—14-+1.) 

17. A theory of quasi-analytic classes, by Dr. W. J. Trjitzinsky. 
(Abstract No. 39-1-4-#.) 

18. The general case of integro-q-difference equations, by Dr. 
W. J. Trjitzinsky. (Abstract No. 39—1—15-+.) 

19. On approximation by non-vanishing analytic functions, by 
Professor J. L. Walsh. (Abstract No. 38-11—292-1.) 

20. Invariants of Pfaffian systems, by Miss Mabel Griffin. 
(Abstract No. 39-1-16-1.) 

_21. Expansions according to a given system of functions, by 
Mr. Y. Y. Tseng (Fellow of the Chinese Government). (Abstract 
No. 39-1-17-4.) 

22. The characteristic value problem of Hermitian functional 
operators in a non-Hilbertian space, by Mr. Y. Y. Tseng (Fellow 
of the Chinese Government). (Abstract No. 39—1—18-1.) 

23. A generalized sampling distribution for the multiple correla- 
tion coefficient, by Dr. S. S. Wilks (International Research Fel- 
low). (Abstract No. 39—1—19-4.) 

24. On the parametric representation of orthogonal and unitary 
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square matrices, by Professor F. D. Murnaghan. (Abstract No. 
39-1-20.) 

25. On quasi-commutative matrices, by Professor N. H. Mc- 
Coy. (Abstract No. 38-11-291.) 

26. On a theorem of higher reciprocity for polynomials in a 
Galois field, by Professor Leonard Carlitz. (Abstract No. 39- 
1-21.) 

27. The Jacobian algorithm for periodic continued fractions as 
defining a cubic irrationality, by Professor J. B. Coleman. (Ab- 
stract No. 39-1-23.) 

28. The transformations effecting the reduction of positive qua- 
ternary quadratic forms, by Professor B. W. Jones. (Abstract No. 
39-1-24.) 

29. Pseudo-transitivity in finite and infinite groups (prelimi- 
nary report), by Dr. S. L. Robinson (National Research Fel- 
low). (Abstract No. 39-1-57.) 

30. Properties of a certain type of continued fractions, by Mr. 
J. O. Blumberg. (Abstract No. 39-1—22-+.) 

31. Some formulas in additive arithmetic, by Professor Leonard 
Carlitz. (Abstract No. 39—1—25-+.) 

32. On Waring’s problem for odd powers, by Dr. R. D. James 
(National Research Fellow). (Abstract No. 39-1-—26-+.) 

33. Pairs of generators of groups of degree not greater than 
eight, by Miss Clarice Van Hook. (Abstract No. 39-1—27-4.) 

34. On the class numbers of a cyclic field and a sub-field, by Pro- 
fessor C. G. Latimer. (Abstract No. 39—1-—28-+.) 

35. A step-polygon of a denumerable infinity of sides which 
bounds no finite area, by Professors Jesse Douglas and Philip 
Franklin. (Abstract No. 39—1-29.) 

36. On the summation of infinite series, by Professor A. J. 
Kempner. (Abstract No. 39-1-30.) 

37. The potential transformation, by Professor H. B. Phillips. 
(Abstract No. 39-1-31.) 

38. An aspect of the theory of linear differential equations, by 
Professor I. M. Sheffer. (Abstract No. 39-1-32.) 

39. On linear operations in linear metric spaces, by Dr. I. J. 
Schoenberg and Dr. Wladimir Seidel. (Abstract No. 39-1-33.) 

40. On the continued fractions associated with, and correspond- 
ing to, [?|p(y)/(x—y) |dy, by Professor J. A. Shohat. (Abstract 
No. 391-34.) 

41. Analytic extensions of differentiable functions defined on 
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closed sets, by Dr. Hassler Whitney (National Research Fel- 
low). (Abstract No. 39-1-35.) 

42. The ellipsoidal viscosity distribution function, by Professor 
W. S. Kimball. (Abstract No. 39-1-36.) 

43. On the Striémgren-Wintner natural termination principle, 
by Dr. G. B. Price. (Abstract No. 39—1-37.) 

44. Interpolation with rationally centered frequencies, by Pro- 
fessor C. H. Forsyth. (Abstract No. 39-1-38.) 

45. Almost periodic transformations, by Mr. R. H. Cameron. 
(Abstract No. 38-11-289.) 

46. Subharmonic functions and minimal surfaces, by Professor 
Tibor Radé and Dr. E. F. Beckenbach (National Research Fel- 
low). (Abstract No. 39—1-56.) 

47. Concerning spaces without local cut points, by Dr. C. H. 
Harry. (Abstract No. 39-1-58.) 

48. The skewness and kurtosis of observations, by Professor 
P. R. Rider. (Abstract No. 39-1-61-.) 

49. Note on a preceding paper, by Dr. W. T. Reid. (Abstract 
No. 39-1-59-t.) 

50. Analogues of the Jacobi condition for the problem of Mayer 
in the calculus of variations, by Dr. W. T. Reid. (Abstract No. 
39-1-—60-1.) 

51. Linear integral equations of functions of two variables, by 
Dr. T. S. Peterson. (Abstract No. 39—1—62-1.) 

52. Some involutorial line transformations, by Mr. J. M. 
Clarkson. (Abstract No. 39—1-39.) 

53. The general web of surfaces and the involution defined by it, 
by Professor T. R. Hollcroft. (Abstract No. 39—1—40.) 

54. Certain relations between the Frégier curve and the evolute, 
by Mr. J. C. Knipp. (Abstract No. 39-1-41.) 

- 55. On the Segre curved four-space representation of the plane 
of two complex variables, by Dr. A. E. Staniland. (Abstract No. 
39-143.) 

56. Polyhedral approximations to regular topological n-mani- 
folds, by Dr. S. S. Cairns. (Abstract No. 39-1-—44.) 

57. Special types of higher dimensional closed sets, by Dr. P. M. 
Swingle (National Research Fellow). (Abstract No. 39-1—45.) 

58. On the existence of totally imperfect and punctiform con- 
nected subsets in a given continuum, by Dr. G. T. Whyburn. (Ab- 
stract No. 38-11-293.) 
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59. Plane quartic curves in the Galois fields of order 2", by Pro- 
fessor A. D. Campbell. (Abstract No. 38-11-—295-+#.) 

60. Cremona involutions defined by a pencil of cubic surfaces, 
by Professor Evelyn Carroll Rusk. (Abstract No. 39—1—42-t.) 

61. On the Kasner ratio curves, by Miss Lucile Lawrence. 
(Abstract No. 39-1-63-14.) 

62. Determinantal theory of d-cyclic and pseudo d-cyclic sets of 
points (preliminary report), by Dr. L. M. Blumenthal and Mr. 
G. A. Garrett. (Abstract No. 39-1—46-1.) 

63. On complete independence of certain sets of postulates for 
fields, by Professor N. H. McCoy. (Abstract No. 39—1-—47-1.) 

64. Characterizations of certain curves by continuous functions 
defined upon them, by Dr. G. T. Whyburn. (Abstract No. 38-f1- 
294-4.) 

65. Recurrent geodesics on any closed orientable surface of genus 
one, by Dr. G. A. Hedlund. (Abstract No. 39—1-—48-+.) 

66. Non-conjugate osculating quadrics of a curve on a surface, 
by Professor R. C. Bullock. (Abstract No. 39-1—49-+.) 

67. On a series of Cremona involutions defined by a pencil of 
ruled surfaces, by Professor Virgil Snyder. (Abstract No. 38— 
11-273.) 

68. The convergence of some non-linear processes of approxima- 
tion, by Professor Dunham Jackson. (Abstract No. 39-1—50.) 

69. Note on Poincaré’s sweeping out process, by Professor 
G. C. Evans. (Abstract No. 39-1-51.) 

70. The tensor form of boundary problems in the calculus of 
variations, by Professor Marston Morse. (Abstract No. 39- 
1-52.) 

71. Exceptional sets, by Professor Henry Blumberg. (Abstract 
No. 39-1-53.) 

72. The inversion of the Laplace integral and the related moment 
problem, by Professor D. V. Widder. (Abstract No. 39-1-55.) 

73. An alternating process in the problem of Plateau, by Pro- 
fessor Tibor Radé. (Abstract No. 39-1-54 +t.) 


R. G. D. RicHarpson, Secretary 
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THE MATHEMATICAL WORK OF OLIVER DIMON KELLOGG 


Oliver Dimon Kellogg was born on July 10, 1878, at Linnwood, Pennsyl- 
vania. His untimely death on August 26, 1932, from an unlooked-for heart 
attack while climbing, came as a heavy blow to all those who were privileged 
to know him as colleague and friend. His quick, generous nature and unusual 
charm of personality were united with a versatile and original mind. The full 
story of Kellogg’s many successful efforts to help others would be an extraor- 
dinary one, only to be guessed at by those who knew him intimately; and, in 
order to judge his mathematical achievements, it is necessary not only to con- 
sider his published work but to take into account his modesty and his readiness 
to share nascent ideas with others. 

His interest in mathematics was aroused as an undergraduate at Prince- 
ton, largely through contact with H. B. Fine and E. O. Lovett. After securing 
an A.B. degree in 1899 with high honors in mathematics, he stayed on for a 
year of graduate study as J. S. K. Fellow and obtained an M.A. degree in 
1900. His appointment was then extended for a second year, which he spent 
at the University of Berlin. 

At the end of this period Kellogg, eager to engage in serious research, went 
to Géttingen. Within a few months, Fredholm’s preliminary communication 
Sur une nouvelle méthode pour la résolution du probléme de Dirichlet, before the 
Swedish Academy of Sciences, had made known the explicit solution of a large 
class of linear integral equations. This discovery seemed to promise an answer 
to all the outstanding linear problems in analysis, such as the Dirichlet prob- 
lem and the Riemann problem of monodromic groups. However, Fredholm’s 
intention of taking up such applications was never realized because of the 
extraordinary rapidity and skill with which Hilbert and his students plunged 
into the field. Thus Kellogg, inspired by the lectures of Hilbert, began to 
occupy himself with some of the problems suggested, in particular with the 
Dirichlet problem for plane regions bounded by a finite number of regular 
curves meeting at “corners,” when Fredholm’s solution was no longer directly 
available. 

Kellogg’s first paper wasa note (1)* in the Géttinger Nachrichten of 1902 in 
which he provided a direct proof of Fredholm’s fundamental inversion formula. 
His interesting doctoral thesis of the same year, entitled Zur Theorie der 
Integralgleichungen und des Dirichlet’schen Prinzips (2), was written in close 
connection with Hilbert’s lectures and was thought of by Kellogg as con- 
taining only a “kleinen Beitrag.” After receiving his Ph.D. degree in January, 
1903, Kellogg remained in Germany until the fall; in the two following years 
he was instructor in mathematics at Princeton. During this period he wrote 
two short papers (4), (5) which were published in the Mathematische Annalen. 
The first of these was in part a “Neubearbeitung” of his dissertation, while the 
second attempted to solve the monodromic group problem of Riemann along 


* See (1) of the bibliographical list below. Numbered references are to 
that list. 
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the lines indicated by Hilbert in his lectures of 1901-1902 and published in the 
Géttinger Nachrichten of 1905. 

It is natural to consider the thesis and these two papers together since 
they were the immediate outcome of his studies at Gottingen. The chief con- 
tribution of the thesis and these two papers lies in the more extended treat- 
ment of certain singular integral equations in which the Cauchy principal 
value can be employed; this type of equation arises in connection with the 
solution of the Dirichlet problem in the plane, looked at as the potential of a 
simple distribution on the boundary. It is interesting to remark that Poincaré 
in his second Géttingen Lecture of 1909 pointed out how Kellogg’s methods 
might be replaced by others involving complex integration. 

Kellogg himself soon came to regard this work as definitely unsatisfactory 
and never refers to it in his later papers, despite the fact that so much of his 
research dealt with potential theory. The reasons for this feeling were prob- 
ably the following: In the first place he had not solved the original problem 
proposed by Hilbert. This was no fault of his, for the problem of attacking the 
Dirichlet problem for regions with “corners” by a direct extension of the Fred- 
holm methods remains unsolved to this day; thus in his 1926 address, Recent 
progress with the Dirichlet problem (27), before the Society, Kellogg said: “The 
method of integral equations, developed by Hilbert, because of its powerful 
character, gave great impetus to the study of the Dirichlet problem. ... But 
it was hindered in aiding substantially the progress of the Dirichlet problem 
by its use of the double distribution, which carried with it the demand for a 
fairly smooth boundary.” In the second place the adjacent problems were 
followed up by Hilbert also, so that it was almost impossible to dissociate his 
own work from the larger achievements of Hilbert. Thirdly, Kellogg soon saw 
that what he had written was incomplete and not always correct. In this 
connection it is interesting to remark that certain of these oversights were re- 
peated in subsequent work of Poincaré and Hilbert.* 

The scientific importance to Kellogg of his Géttingen sojourn can scarcely 
be overstated. He had witnessed at first hand the development of important 
mathematical ideas by a great master, and had taken a definite part in the 
application of these ideas to potential theory; and his research experience had 
led him to see for himself that a more solid foundation was absolutely neces- 
sary. In consequence he turned his attention to a thoroughgoing study of the 
field of potential theory, to which so much of his energy was to be devoted. 

In 1905 Kellogg was called to the University of Missouri, where the scien- 
tific environment proved happy and stimulating despite a considerable amount 
of teaching and administrative duties. The first results of this period were two 
important articles, Potential functions on the boundary of their regions of defint- 
tion (8) and Double distributions and the Dirichlet problem (9), which appeared 
in the 1908 Transactions. The first of these takes up the interrelation of the 
moment ¢(s) of a double distribution along a simple closed curve C: x=<x(s), 
y=y(s) (s being arc length), and the corresponding potential function W(x, ¥) 


* See F. Noether, Uber eine Klasse singuldrer Integralgleichungen, Mathe- 
matische Annalen, vol. 82 (1921), p. 46. 
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for (x, y) within C. Under a “Dini condition” upon the derivative ¢’(s) of ¢(s), 
and a condition 

| x’(s + As) — x’(s)|, + As) — y(s)| < Nl As|*, 0), 
holding uniformly for | As| small, he shows that W(x, y), as defined by 

a y(t) — 9 
W(é, J ¢(t) arc tan 

is not only continuous within and on the boundary of C, but (with its definition 
suitably extended) is continuous together with its first partial derivatives in 
the closed region bounded by C. The second paper lightens considerably the 
restrictions which Fredholm had imposed in his solution of the problem of 
Dirichlet for the plane; in fact Kellogg imposes only the requirement stated 
above (whereas Fredholm requires x(s), y(s) to be continuous together with 
their first three derivatives), while the boundary values f(s) need not be con- 
tinuous at a finite number of points, s;, provided that | f(s)| <G|s—s;| s-1 
(8>0), nearby. Kellogg shows also that if f’(s) satisfies a Dini condition, so 
will the corresponding ¢’(s) of the double distribution. In Kellogg’s earlier 
papers it had been tacitly assumed that if an interior potential function u(x, y) 
takes on a boundary distribution f(s), continuous together with its first deriva- 
tive, along a sufficiently regular curve C such as the circle, then u(x, y) neces- 
sarily possesses continuous first partial dervatives in the closed region bounded 
by C. This inaccuracy was remedied, and the application of integral equations 
to the Dirichlet problem in the plane was satisfactorily rounded out by these 
two papers of Kellogg. 

His next paper (12) in potential theory, Harmonic functions and Green’s 
integral, is also a contribution of decided importance. Among other things he 
shows in it that if like conditions to the above, bearing equally on x(s), 
y(s), and f(s) instead of on the first derivatives, are satisfied for a finitely 
connected region R bounded by k distinct closed curves (i,---, C;, then 
there exists a uniquely determined potential (harmonic) function u(x, y) in 
R taking the values f(s) on the boundary, and this function has continuous 
derivatives of the first r orders throughout the closed region R. He shows that 
a corresponding moment ¢(s) of a double distribution exists (which gives 
u(x, y), augmented by a potential function constant on each of the curves 
Ci, +, Cx), and that this moment satisfies the same kind of condition as 
that imposed on f(s). By the aid of these results he established various funda- 
mental properties of the Green’s function G(£, 9; x, y) for such a multiply con- 
nected region R. Furthermore, Kellogg is thus enabled to deal with the case 
where the assigned boundary values f(s) are merely summable in the sense of 
Lebesgue. It may be remarked that his thesis had touched in an interesting 
way upon the Dirichlet problem for multiply connected regions of the plane. 

After this paper Kellogg turned his attention in other directions, to which 
I shall refer later. Meanwhile the war intervened; he spent a year at New Lon- 
don as one of a corps of scientific advisors to the government; and was called 
to Harvard University in 1919, where he remained till his death. 

Upon coming to Harvard he began to occupy himself again with potential 
theory. In his note An example in potential theory (22) of 1923 he presented a 
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concrete example which showed how Dirichlet’s problem in the plane was 
solvable for a certain boundary set which was perfect, nowhere dense, and of 
Borel measure 0. Kellogg introduces here the notion of a “sequence solution” 
attached to continuous boundary values on a general boundary, later proved 
to exist always by Wiener.* Furthermore, Kellogg proves that the existence 
of Lebesgue’s “barrier functions” is necessary as well as sufficient for the solu- 
tion of the Dirichlet problem. In a nearly contemporaneous note, On the classi- 
cal Dirichlet problem for general domains (26), he discusses the behavior of the 
solution near “regular” and “exceptional” points of the boundary, and studies 
further Wiener’s “capacity” of a bounded point set. An excellent general ac- 
count of the status of the Dirichlet problem is contained in Kellogg’s address 
of 1926, already referred to, while in his paper of the same year, Les moyennes 
arithmétiques dans la théorie du potentiel, he develops a conveniently general 
form of construction of a solution which in special cases reduces to Poincaré’s 
method of “balayage,” Schwarz’s alternating process, or the Kellogg construc- 
tion for a sequence solution; this general form of construction is used in Kel- 
logg’s well known book Foundations of Potential Theory (Berlin, 1929). 

The question of the distribution of “regular” and “exceptional” points of 
the boundary interested Kellogg a great deal. In his note Unicité des fonctions 
harmoniques (32) of 1928, he showed that, in the case of the logarithmic po- 
tential, any bounded set of points with positive capacity contains regular 
points. He was unable to obtain an analogous result for the three-dimensional 
case, despite protracted efforts. f 

It remains to refer to his paper On the derivatives of harmonic functions on 
the boundary,t in which Kellogg establishes results for the derivatives of a 
three-dimensional potential along a boundary, analogous to those which he 
had given earlier in the two-dimensional case. There is also an incomplete 
paper Converses of Gauss’ theorem on the arithmetic mean (40), which is being 
edited by Dr. J. J. Gergen, and which will appear in the Transactions. Here 
Kellogg considers a continuous function which in a given region is the arith- 
metic mean of its values on some circle (or sphere). He proves that if the func- 
tion takes on one of its bounds at an interior point, then it takes on this 
bound in every neighborhood of the boundary, but that it cannot take on both 
its upper and its lower bounds at interior points. 

We now turn briefly to his papers in other fields, of which we shall mention 
only a few of the more important and interesting. 

In the first of three papers§ appearing in the American Journal of Mathe- 
matics (1916-1918) he studies sets of real orthogonal functions ¢0(x), 
o:(x), and showed that if the determinants | bi(x;)| of order n, (n=1, 
), are positive, that is, if ¢o(xo) >0, do(x) G1(x1) — b0(x1) b1(x0) >O when 


* Certain notions in potential theory, Journal of Mathematics and Physics, 
vol. 3 (1924), pp. 24-51. 

t See (31), (32), (33), (34), (38). The papers (33) and (34) were written 
jointly with F. Vasilesco. Within a few weeks, Evans has succeeded in estab- 
lishing “Kellogg’s Lemma” in a note Applications of Poincaré’s sweeping-out 
process, to appear in the Proceedings of the National Academy of Sciences. 

t (39). See also the interesting note (28). 
§ (14), (15), (16). 
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%1%%o9, etc., then these functions possess various separation and oscillation 
properties of many well known orthogonal sets in analysis; in the second and 
third papers he gives means of applying these results to orthogonal sets de- 
fined by linear integral and differential equations. 

In a short note On a diophantine problem (18), Kellogg takes up the ques- 
tion as to the maximum value of any of positive integers, the sum of whose 
reciprocals is unity, and gives reasons for his conjecture that this maximum 
is u, where Ug41=Ux(uz+1), 41 =1. This conjecture has been verified* and has 
led to further interesting work. 

The joint paper by Kellogg and myself, Invariant points in function space 
(19), resulted from our interest in simple general forms of existence theorems 
in analysis. The program proposed was to regard such theorems as the exten- 
sion to “function space” of the theorem that if a segment (a, 8) of a line is car- 
ried into part of itself (a’, b’) by a continuous transformation in such wise that 
(a’, b’) lies within (a, 6) then at least one point is invariant. Kellogg later 
(35) generalized a lemma of our paper to essentially the following form: If in 
the equations F;(z:,--- , 2m)=c:, (¢=1,---, ), the functions F; are analy- 
tic in a region R of complex n-dimensional space, then the analytic manifold 
thus defined has no singular points in R for general values of ¢,°--, ¢n. 
This result was one which he found serviceable in potential theory. 

In a note On the existence and closure of sets of characteristic functions,{ he 
showed how the existence and closure of such sets could often be inferred by a 
method simpler than the closely related classical method of E. Schmidt. 

Kellogg was always interested in questions of mechanics. In his paper 
Some properties of spherical curves with applications to the gyroscope,t Kellogg 
establishes some of the more inaccessible properties of gyroscopic motion by 
means of the simple intrinsic geometric methods introduced by Osgood. 

His paper of 1927, On bounded polynomials in several variables (29), contains 
interesting generalizations of results due to Markoff, Bécher, and S. Bernstein. 

At the time of his death Kellogg was in full scientific activity and was gen- 
erally recognized as one of the foremost leaders in potential theory, a field to 
which other American mathematicians—in particular, Bécher, Evans, and 
Wiener—have also made contributions of the first order of importance. For 
several years Kellogg had been planning an advanced companion volume to his 
Foundations of Potential Theory and this project was definitely under way. 
The first volume had met a longfelt want for a rigorous modern treatment of 
the subject. Indeed it contained a good deal not to be found elsewhere, in 
particular a proof of Green’s divergence theorem under broad conditions upon 
the region involved and a thorough-going development of existence theorems 
on the basis of integral equations. If he had been spared to complete the second 
volume, it would surely have set a new high-water mark in the field. 

As I have said, Kellogg’s mind was highly original and versatile. This 
quality was striking on the social side: If a graceful poem were to be written, 


* D.R. Curtiss, On Kellogg’s diophantine problem, American Mathematical 
Monthly, vol. 29 (1922), pp. 380-387. 

Tt (20). See also the note in this Bulletin, (17). 

t (23). See also (11), (24). 
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or an amusing monologue were desired—one could ask Kellogg; when he was 
writing an intimate family letter, he would incorporate a charming sketch in 
order to round out a description. Above all, he was the first to think of and 
carry out a thoughtful and generous act. 

On the scientific side he showed the same qualities, which led him to many 
mathematical results. He loved his chosen science and worked consistently and 
effectively at difficult and important problems, although his scientific modesty 
was such that he generally underestimated his own work in comparison to that 
of others. 

In the passing of Oliver Dimon Kellogg, American mathematics has lost a 
distinguished and beloved figure. 
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BATEMAN ON MATHEMATICAL PHYSICS 


Partial Differential Equations of Mathematical Physics. By H. Bateman. Cam- 
bridge, University Press; NewYork, The Macmillan Co., 1932. 522-+-xii pp. 


The primary purpose of this book is the solution of the boundary-value 
problems of mathematical physics by means of definite analytical expressions, 
and the book is noteworthy in fulfilling this object. Some particular topics, such 
as integral equations, existence theorems of potential theory, Sturm-Liouville 
series, have been intentionally omitted. Nevertheless, a large number of topics 
are here treated, and in a unified way. Let us look over the table of contents. 

The Introduction discusses briefiy the relation of the differential equations 
to variational principles, and approximate solution of boundary-value prob- 
lems, method of Ritz, orthogonal functions. 

Chapter 1 is on the classical equations, and includes uniform motion, 
Fourier series, free and forced vibrations, Heaviside’s expansion, wave motion, 
potentials, Laplace’s equation, characteristics. 

Chapter 2 consists primarily of applications of the theorems of Green and 
Stokes: Riemann’s method, adjoint equations, difference equations as approxi- 
mations to differential equations, variational principles, transformation of 
equations, elastic solids, fluid motion, torsion, membranes, electromagnetism, 
and so on. 

Chapter 3 is on two-dimensional problems, Fourier inversion, vibration of a 
loaded string and of a shaft, Poisson’s integral, logarithmic potentials with 
applications. 

Chapter 4 is primarily theoretical, on conformal mapping, including the 
Riemann theorem, the distortion theorem, Green’s function, mapping of 
polygons, orthogonal polynomials, approximation to the mapping function. 

Chapter 5 deals with equations in three variables, wave motion, heat flow. 
Chapter 6 is on polar coordinates, Legendre polynomials, with generalizations 
and applications. 

Chapter 7 discusses cylindrical coordinates, diffusion, vibration of a circu- 
lar membrane, Bessel’s functions, etc. Chapters 8 and 9 include elliptic and 
parabolic coordinates, with the corresponding boundary-value problems, in- 
cluding the study of Sonine’s polynomials. 

Chapter 10 is on toroidal coordinates and applications, Chapter 11 on 
diffraction problems, and Chapter 12 on non-linear equations, with particular 
reference to Riccati’s equation and applications, minimal surfaces, and the 
motion of a compressible fluid. 

It is clear from this incomplete list that an enormous amount of material is 
here gathered together and made available. Much of it comes from current 
(even the most recent) periodical literature, and includes results found by both 
theory and experiment. The magnitude of the undertaking may be appre- 
ciated from the fact that the author index contains 1198 references. The 
material as a whole is well selected, digested, and correlated. Many results 
which for one reason or another do not find place in the text are presented as 
problems to be solved by the reader; this is a most welcome feature. The ex- 
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position in general is clear and adequate. Notable is the inclusion of consider- 
able material on aerodynamics. 

One might well be content with the work of exposition alone, but in addi- 
tion there are a number of new results from the author. These are, in particular, 
new solutions of differential equations (as one might expect from the author’s 
pen), relations between specific solutions of definite equations, and applica- 
tions. The paragraph on the geometry of lines of force and equipotentials is 
especially well worked out. The formal solution of a differential equation which 
is elliptic in one region and hyperbolic in another is of much interest, and 
deserves further study. 

It seems ungrateful to point out faults in such a valuable work, but there 
are a few relatively unimportant remarks that are not out of place in a review 
of the book. 

The work is of value both as a text and as a book of reference. It is, how- 
ever, not clear to the reader and seems not always to have been clear to the 
writer just what sort of book he was writing—an elementary text, an inter- 
mediate text, a reference work, or a mathematical diary. Let us take by way of 
illustration the treatment of Fourier’s series, pages 7-16. The introduction is 
made by means of the equation 


(@y/dx*) +(x) =0 


“and a prescribed set of supplementary conditions,” of which no further de- 
tails are given. The naturalness of Fourier’s series as here used is not likely to 
appeal to any beginner in the subject, for the differential equation itself can 
be integrated immediately. Why complicate matters by introducing an infinite 
series? Yet a natural introduction to the topic of Fourier’s series is readily 
given, and indeed an admirable heuristic treatment was long ago given by 
Byerly.* The discussion given by Bateman is also not suited as an exposition 
for the more advanced, for the actual convergence of Fourier’s series is not 
proved except for periodic functions which are continuous and with piecewise 
continuous derivatives. In spite of this criticism of Bateman’s treatment, it 
must be recognized that the treatment (including Parseval’s theorem) is in- 
terestingly put together, and has elements of novelty and originality. 

There are a number of minor defects in the text, mostly due to oversight, or 
to lack of rigor of the mathematical analysis, of which we mention a few ex- 
amples. In mathematical rigor, however, the book stands high among other 
treatments where the primary emphasis is physical. 

On page 9 it is supposed that the function f(x) is of bounded variation and 
in addition that the Riemann integrals for its Fourier coefficients exist; the 
latter condition naturally follows from the former. On page 11, equation (4) 
would seem to need modification. In the study of the bilinear form on page 
37 it is essential to require g;s=g.r. On page 153 in the use of a variational 
principle to prove the existence of a solution of the problem of Dirichlet, refer- 
ence might suitably be made to the work of Hilbertt and of Lebesgue.f On 


* Fourier’s Series and Spherical Harmonics, Boston, 1893, pp. 3 ff. 

{ Jahresbericht der deutschen Mathematiker Vereinigung, vol. 8 (1900), 
p. 184. 

t Palermo Rendiconti, vol. 24 (1907), p. 371. 
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page 266, in connection with the transformation by an analytic function of a 
complex variable ¢ = F(z), we read the equation 


d¢ = dz- F’(z), approximately. 


It would be more in accord with modern notation to define d¢ and dz as dif- 
ferentials instead of increments and to omit the word approximately. In the 
study of the bilinear transformation ¢=(az+5)/(az+) on page 270 it is 
essential to require the non-vanishing of the determinant a8 —ba. It would be 
an aid to the reader if (page 276) the term region were defined, for use in the 
study of the conformal map. To be sure, the term area is defined (page 278), 
but this would seem not to be the term region as used on page 291. On page 
291 in the proof of the theorem on conformal mapping, it would aid in clear- 
ness if the theorem that the uniform limit of a sequence of smooth (i.e. schlicht) 
analytic functions is smooth were stated explicitly if not proved. On page 325, 
reference might properly be made to the orthogonal polynomials considered 
by Carleman.* On page 328 we read “the co-ordinates of a point on a simple 
closed Jordan curve can be expressed as Fourier series with @ as parameter. 
The theorem implies that the series (1) converges uniformly throughout d and 
that the mapping by means of the function f(z) may be extended to regions 
which are slightly larger than d and D.”’ The latter part of the second sentence 
might well be omitted. 

As a general criticism, one might wish that there were a few more figures— , 
for instance in the study of Riemann’s method on page 127—and that the main 
results were habitually italicised. This latter would increase the value of the 
book both as an exposition and for reference. 

The actual derivation from physical assumptions of partial differential 
equations as used in the solution of physical problems would be of service to 
many a reader. All too few carefully worked out examples are to be found in 
any standard work. 

The critical remarks we have made are clearly of secondary interest. The 
main feature is that such an enormous amount of material has been well uni- 
fied and clearly set forth. The book must be in the hands of everyone who is 
interested in the boundary value problems of mathematical physics. One is not 
inclined to quarrel with the author for his omission of the theory of integral 
equations from the book. In fact, this opens to the author the opportunity to 
write a companion volume on the integral equations of mathematical physics. 
He does not mention any plans on the subject, but such a volume would be 
another welcome addition to the literature. 

J. L. WALsH 


* Arkiv for Matematik, Astronomi och Fysik, vol. 17 (1922-23). 
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LANE ON PROJECTIVE DIFFERENTIAL GEOMETRY 


Projective Differential Geometry of Curves and Surfaces. By Ernest Preston Lane. 

Chicago, The University of Chicago Press, 1932. xi+321 pp. 

The author’s aim in writing this treatise is clearly set forth in the preface: 
“Projective differential geometry is largely a product of the first three decades 
of the twentieth century. The theory has been developed in five or more dif- 
ferent languages, by three or four well recognized methods, in various nota- 
tions, and partly in journals not readily accessible to all.” It is Lane’s pur- 
pose “to organize an exposition of these researches.” He “desires to coordinate 
the results achieved on both sides of the Atlantic so as to make the work of the 
European geometers more readily accessible to American students, and so as to 
make better known to others the accomplishments of the American school.” 

Differential geometry is defined as “the theory of the properties of a con- 
figuration in the neighborhood of a general one of its elements.” Such properties 
were known long before the name of projective differential geometry was in- 
vented. In fact algebraic geometry, which is as old as differential geometry, 
has been and is using projective differential notions very frequently. 

An excellent confirmation of this statement may be found in the first 
chapter of the book under review, in connection with the theory of space 
cubics and the nullsystems attached to them, which also serves as a classical 
example in algebraic geometry. These ideas are extended to space curves in 
general and we find among others the interesting theorem: The nullsysiem of 
the osculating linear complex at a point P of a curve Cis the same as the nullsystem 
of the osculating twisted cubic of C at P. 

Here is a typical proposition of projective differential geometry: In a space 
the ©" "*2) integral curves of a given differential equation 


xt) (n + 1)pix™ 4 + = 0 


are all projectively equivalent. A differential equation (of this sort) defines a curve 
in the space S, except for a projective transformation, and a geometric theory 
based on the equation must be a projective theory. 

The study of projective invariants and covariants in differential geometry is, 
of course, of great importance. A projective invariant of an integral curve is 
defined as a function of the coefficients of the preceding differential equation, 
and of their derivatives, which is invariant under the total transformation 
x=X(t)¢ (A scalar #0). Every absolutely invariant equation connecting these 
invariants is independent of the analytic representation of the curve and ex- 
presses a projective geometric property of the curve. A covariant defines a curve 
whose points are in (1, 1) correspondence with the points of the original curve 
and obtained from the latter by a projective geometric construction. 

The systematic development of these theories goes back to the remarkable 
geometrician, the lamented Wilczynski, who in his memorable projective dif- 
ferential geometry published by Teubner in 1906, mentions the admirable 
theory developed by Halphen. In presenting these theories Wilczynski how- 
ever followed his own methods, “both for the sake of uniformity and simplicity.” 


| 
| 
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Chapter 2 deals with ruled surfaces, including developable surfaces. Some of 
the propositions have been known for a long time, for example the theorem by 
Chasles: The cross ratio of four points on a generator of a non-developable ruled 
surface is equal to the cross ratio of the four tangent planes to the surface at these 
points. We find a treatment of Wilczynski’s system for differential equations of 
a ruled surface in S;; of osculating curves and the osculating quadric, flecnode 
curves and the flecnode transformation, the osculating linear complex of a 
ruled surface in S3, and so forth. 

Surfaces in ordinary space form the contents of the next chapter. A charac- 
terization of the methods of Wilczynski and Fubini for the development of 
extensive theories of projective differential geometry will be found very help- 
ful in understanding and appreciating the following sections, which deal with 
topics like these: The differential equations of a surface referred to its asymp- 
totic net, the local coordinate system, power series expansions, Darboux 
quadrics, reciprocal congruences, the canonical pencil, conjugate nets, Céch’s 
transformation, Demoulin’s tetrahedron. 

The theory of conjugate nets, as developed in Chapter 4, occupies an im- 
portant place in projective differential geometry, as attested by the large 
number of mathematicians contributing to this theory, including the Amer- 
icans Wilczyski, Green, Eisenhart, to which Lane ought to add himself. 

It is perhaps well to state what is meant by this concept: A net of curves ona 
surface in a linear space of n dimensions is a conjugate net in case the tangents of 
the curves of one family of the net constructed at the points of each fixed curve of 
the other family form a developable surface. 

Space hardly permits a detailed discussion of the rich and interesting con- 
tents of this chapter, nor of those of the next chapter, dealing with transforma- 
tion of surfaces. In Chapter 6 the author aims to connect the projective differ- 
ential geometry of surfaces, as developed in the earlier chapters of the book, 
with the metric and affine differential geometries of surfaces of ordinary space: 
and Chapter 7 contains some further developments for surfaces in hyperspace 
under the title of surfaces and varieties. The last chapter is concerned with 
miscellaneous topics, beginning with some historical remarks. 

The book is clearly written and the typography is good. For student and 
investigator alike in this field it will be found indispensable. 

As to the general importance of the old projective differential geometry, 
one should keep in mind that it forms a relatively small branch of the vast 
field of differential geometry, especially in view of the tremendous modern de- 
velopment due to the impetus originally given it by the advent of the general 
relativity theory. The relation is somewhat similar to that of projective geom- 
etry with respect to the vastly more extensive field of algebraic geometry 
based upon the birational group and given strong support by modern topology. 

The new “projective differential geometry” as will be pointed out by D. 
van Dantzig in a paper to be published in the Mathematische Annalen, gives 
a theory of projective connection of n-dimensional space, containing the 
theories of Cartan, Weyl, Veblen, and Schouten as special cases and which may 
also be used for the establishment of projective Riemannian differential geom- 
etry and also projective Cayley-Klein differential geometry. 

ARNOLD 


1933-1] SHORTER NOTICES 183 


SHORTER NOTICES 


Die Liesche Theorie der partiellen Differentialgleichungen erster Ordnung. Vor- 
lesungen von Friedrich Engel, Professor in Giessen. Bearbeitet von Dr, 
Karl Faber. Leipzig und Berlin, Teubner, 1932. xi+367 pp. 

The theory of partial differential equations of the first order has been at- 
tacked from various angles by several of the foremost mathematicians of the 
last century, and the comprehensive theories of Lie stand only at the end of the 
historical development. In the text-books on this subject the theories originat- 
ing before Lie are usually represented in different chapters, one after another, 
and almost without connection. At the end of such a text-book there are to be 
sure some chapters on the theory of Lie, and the reader can more or less see 
that the preceding theories have to be subordinated to the points of view of 
Lie, but an intimate fusion of all these theories with that of Lie is not estab- 
lished. Thus F. Engel, first his pupil, then collaborator, and finally editor of 
the collected works of Lie, has fulfilled, by the publication of this volume, an 
old obligation. 

In this book the notion of the infinitesimal transformation is the basis for 
all considerations. The whole theory of the partial differential equations of the 
first order is presented as built up on the conception of the continuous group, 
on that of the group of infinitesimal transformations of systems in involution, 
and finally on the notion of the contact transformation. In this general connec- 
tion the different methods of integration due to Cauchy, Jacobi, Mayer, and 
Lie are systematically developed. Even such introductory notions as complete 
and total differential systems, or the elements of the theory of the Pfaffians, are 
not treated in an isolated manner, but in connection with the general points of 
view of Lie. The theory of invariants of the finite (“integrated”) transforma- 
tions of contact is based on an elegant presentation of the theory of function 
groups. In ananalogous manner the theory of the homogeneous transformations 
of contact is also treated. One of the central problems of the book is the prob- 
lem of Lie requiring a utilization of known infinitesimal transformation groups 
for the problem of integration. The theory of the Poisson-Jacobi bracket expres- 
sions especially is extensively developed. 

There are not many applications given, and even the theory of the canoni- 
cal equations (that is, of the equations of perturbation of the astronomers) de- 
duced by Lie from his theory of contact transformations is not treated. At the 
end of the book the elegant treatment of the Galilei group, first published by 
Engel at the request of F. Klein in the Géttinger Nachrichten (1916), is 
given. The integration problem of the n-body problem is also completely dis- 
cussed. 

The book comprises lectures which Engel frequently gave at the University 
of Giessen. His co-author K. Faber attended these lectures and revised them 
for presentation in book form. Whether he has succeeded in all details through- 
out the entire book is a matter for question. The student who was forced to 
acquire the technique of the e’s in the first semesters may well be astonished if 
one or two years later he hears in a lecture, say on algebraic geometry, or 
even still more analytic subjects, an utterly pre-Weierstrassian language as- 
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sociated with a corresponding manner of thinking. In reality, the student can 
only be convinced of the necessity of the Weierstrassian exactness, which he 
unwillingly adopted in the first semesters, in connection with advanced sub- 
jects. Now the present book is not written in the language of Weierstrass. For 
example the fundamental definition of the infinitesimal transformations or 
the use of the symbol «” could not have been more primitive even fifty years 
ago. The failure of an exact definition for such notions makes itself felt, for 
instance, in connection with the processes of elimination, always appearing in 
the theory of Lie. This lack of exactness is supposed to have been removed by 
the restriction of analyticity. Not only is such a restriction in the present book 
almost everywhere superfluous but it fails to compensate for the lack of exact- 
ness. Thus the very first proof (pp. 2-3) is no proof at all, notwithstanding the 
restriction of analyticity. Fortunately these insufficiencies of the book are not 
so severe that they could not usually be completed without too much trouble. 
It is, however, a pity that the removal of such insufficiencies is left, even now- 
adays, to the reader. 

Of course it is clear that Engel intended to publish a book not in the spirit 
of Weierstrass but in the spirit of Lie. If Lie had lived for a longer time and 
had summarized his ideas on partial differential equations of the first order in 
the form of a text-book, the book would be about the same as these lectures of 
his coliaborator. Thus Engel has certainly been guided also by historical points 
of view. Thisis perhapsalso the reason that the formalism of the tensor analysis, 
which would have furnished some abridgment in the proofs, does not attain its 
full value, although it is implicitly applied. Yet only one who knows the manner 
of writing in the difficult original papers of Lie can appreciate how much has 
been done in these lectures by the uniformization and simplification of the 
proofs. The book also contains some interesting, hitherto unpublished, investi- 
gations of Engel. 

AUREL WINTNER 


Vorlesungen iiber Fouriersche Integrale. By S. Bochner. (Mathematik und ihre 
Anwendungen, Band 12.) Leipzig, Akademische Verlagsgesellschaft, 1932. 
8+229 pp. 

This text is concerned with the theory of the Fourier transform, and trans- 
forms allied to it. It provides a readable account of those parts of the subject 
useful for applications to problems of mathematical physics or pure analysis. 

The author has given in detail such of the results of the theory of functions 
required as are not included in the standard treatises. He has also preferred 
simple, useful forms of theorems to complicated statements which aim at the 
utmost generality. With the exception of one short chapter, which deals with 
convergence in the mean, the results relate to ordinary convergence. The ap- 
plication of Fourier analysis to various types of linear equations is given in 
some detail. Numerous other applications, for example to almost periodic func- 
tions, to Bessel functions, and to harmonic functions, are sketched. 

The book should prove useful to students wishing an introduction to this 
branch of analysis, to which so many recent contributions have been made. 


PHILIP FRANKLIN 
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David Hilbert. Gesammelte Abhandlungen. Erster Band. Zahlentheorie. Berlin, 

Springer, 1932. xiv-+539 pp. 

This first volume of Hilbert’s collected papers contains reprints of eleven 
works, one of which is the classic report on algebraic numbers of 1897, pp. 63— 
362. For this alone the volume will be indispensable to workers in the theory 
of numbers, as the French transiation of some years ago was carelessly printed, 
and the original is not available in smaller libraries. Random sampling of the 
numerous formulas indicates that the printing has been accurately done. 

Another great classic brings us the wonderful proof of Waring’s conjecture, 
the last paper in the volume. Although fashion favors other proofs today, it 
seems safe to guess that Hilbert’s proof—the first ever given—will be remem- 
bered for its perfect efficiency in attaining a prescribed goal with a maximum 
of skill and a minimum of effort. 

It would be out of place to comment on any of the famous papers which 
go to make up this beautiful volume. If the work as a whole can be briefly 
characterized, possibly mathematics is sufficient. More than one sure gleam of 
“the light that never was on land or sea” shines in these pages. 

The edition is to be completed with the publication of three more volumes, 
Geometry, Algebra, and the Theory of Invariants; Analysis; Miscellaneous. 
Workers in other fields than arithmetic will look forward to these volumes with 
anticipations of as keen a pleasure as the devotees of the theory of numbers 
will derive from this. 

E. T. BELL 


Cours d’Analyse. By J. Hadamard. Professé 4 I’Ecole Polytechnique. Paris, 

Librairie Scientifique Hermann et C'*, 1930. Vol. II. vi+721 pp. 

The first volume of this work appeared in two parts in 1925 and 1927, and 
was reviewed in volume 34 (1928) of this Bulletin. Like the prior volume, the 
present work is strongly oriented toward the applications and makes close 
contact with many important topics in theoretical physics and theoretical 
astronomy. Also, numerical computation is emphasized inconnection with such 
topics as determining the approximate solution of differential equations. How- 
ever, the ground work of analysis having been fully developed in volume I, 
it is possible for the writer, in the present volume, to touch on a much wider 
variety of the various theories of analysis that have been of fundamental use 
in the application of mathematics to its sister sciences. 

The book is divided into six grand divisions whose sub-headings are as 
follows: Newtonian Potential Function; Calculus of Variations; Analytic Func- 
tions of a Complex Variable; Ordinary Differential Equations; Partial Dif- 
ferential Equations; Theory of Probabilities. The central aim of the work, 
namely to introduce all the important disciplines of analysis that are of wide 
use in the field of applications previously designated, has necessarily limited 
the treatment of some of the classical theories to the more elementary develop- 
ments. On the other hand this same principle of selection has operated to intro- 
duce certain topics that are sometimes omitted in much more extensive treat- 
ments of the same classical theories. For example the discussion of analytic 
functions of a complex variable includes a brief treatment of the theory of 
functions of several complex variables. In the portion devoted to ordinary dif- 
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ferential equations we find use made of some of the important ideas of the 
Lie theory of continuous transformation groups and an application of these 
notions to obtain an important result in the special theory of relativity. In the 
section on probability theory we find discussed certain central topics in the 
mathematical theory of statistics, such as frequency distributions and correla- 
tion theory. 

The book is thus seen to be thoroughly modern in the best sense of that 
sometimes abused term. The great variety of mathematical methods that are 
used in various theoretical discussions in the physical sciences, and the con- 
stant shift in emphasis resulting from the rapid development of the present 
century in the field of physical theory makes it no light task to select from the 
wealth of material available the topics that are of first importance, and to give 
to each its proper share of attention. Hadamard has accomplished this dif- 
ficult undertaking in admirable fashion. If one wished to prescribe an ideal 
mathematical training for a future physicist who had already in his possession 
the fundamentals of calculus, I do not know of any better course of study to 
advise than the mastery of the two volumes of this Cours d’ Analyse. 

For those familiar with other writings of Hadamard it is perhaps needless 
to add that from the standpoint of exposition the work lives up to the best 
traditions of the long series of French works appearing under the titles Traité 
d’ Analyse or Cours d’ Analyse. One cannot say more in the way of recommending 
a book as a path to the mastery of new domains of mathematical theory. The 
conscientious student of the present work will find that he has not wasted his 
time in overcoming unnecessary difficulties, or used it to little advantage in 
the study of topics of minor importance. One might alter some of the details 
of the book without disadvantage; but, given the aim of the writer, it is dif- 
ficult to see how the general plan of the work could be appreciably improved. 

C. N. Moore 


Einfiihrung in die Theorie der zaéhen Fliissigkeiten. By Wilhelm Miller. Leipzig, 

Akademische Verlagsgesellschaft, 1932. 367 pp. 

Owing largely to the work of Prandtl, Oseen, and Zeilon the motion of a 
viscous fluid is now being studied by approximate methods of solution which 
require a type of mathematics quite different from that used in the classical 
theory. The student of hydrodynamics is faced, then, with a situation like that 
which has arisen in the study of radiation owing to the growth of the quantum 
theory, and so should welcome this scholarly, abundantly illustrated book in 
which the author shows a mastery of the many ramifications of his subject. 

The potential problems arising in Oseen’s theory of the wake are particu- 
larly interesting, and a noteworthy inference from the analysis is that the lift of 
Joukowsky’s theory is to be supplemented by a force whose lift and drag com- 
ponents can both be calculated by means of integrals, over the cross-section of 
the wake, of expressions depending on the wake-function X(y), whose gradient 
in a transverse direction is a measure of the vorticity. The book closes with a 
discussion of the stability of a steady motion of a viscous fluid and some general 
remarks relating to turbulence. 

H. BATEMAN 
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Analytische Geometrie. By Ludwig Bieberbach. Leipzig, B. G. Teubner, 1932, 
(Teubner’s mathematische Leitfaden, Bd. 29, Second Edition.) v-+141 pp. 
Kart. R.M. 5.95. 

This little volume is to be followed by two others, Projektive Geometrie 
and Einleitung in die hihere Geometrie. In Analytische Geometrie, Bieber- 
bach has produced a volume which the reviewer believes is unique. The sub- 
ject matter that generally appears in an elementary analytical geometry text 
is here developed in its entirety by use of vectors, vector notions, and matrices. 
The treatment is elegant and effective in its simplicity. 

The properties of vectors and vector operations are carefully formulated in 
a set of fifteen axioms. Based on these, analytical geometry of the plane and 
analytical geometry of ordinary space are developed simultaneously in terms of 
two and of three unit-vectors, respectively. Many formulas which express 
geometrical situations in the plane are derived from the corresponding formulas 
for space by omitting all terms containing the third unit-vector. 

The elementary theory of matrices, orthogonalization, transformation of 
coordinates, transformation of units, and the theory of determinants, all ex- 
pressed in vector language, lead to the solution of systems of linear equations, to 
formulas for distance, area, and volume, and to the classification of conics and 
of quadric surfaces. Displacements, motions, the invariants of motion, some 
elementary notions of groups as presented by Klein in his Erlanger Programm, 
these topics of a more advanced character are quite clearly developed in terms 
of vectors and matrices whose columns (or rows) are looked upon as vectors. 

The book abounds in interesting exercises which not only exemplify but 
“in ihnen schreitet der Gang der Darstellung weiter voran.” The author states 
in his preface that the present volume does not present new material but de- 
velopes a new method which he will use in the later volumes. He is to be con- 
gratulated on his successful accomplishment of his first aim. The appearance 
of the two other books will be awaited with interest. Will he show us that the 
vector method can be made as useful and fruitful in the development of pure 
geometry as in the applications to physics? 

This book is well printed on an excellent quality of paper. 

Mayme I. Locspon 


Problémes et Compléments de Mécanique. By E. Blanc. Paris, Gauthier-Villars, 
1931. 164287 pp. 


This book has been prepared for the use of “candidats au certificat de 
mathématiques générales et des éléves de mathématiques spéciales.” It is as- 
sumed that the reader has attended a course of lectures on mechanics and this 
volume is intended to furnish review and practice material in preparation for 
the examination. 

The first part is devoted to kinematics. After a brief statement of general 
principles the author has selected forty typical and fundamental problems for 
detailed discussion. By a similar method the second part covers the subject of 
the dynamics of a particle. In the third part is given a brief solution of each of 
the problems which have appeared on the examinations held in Paris, usually 
in July and October of each year, from 1919 to 1930, inclusive. 

W. R. LONGLEY 
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Traité du Calcul des Probabilités et de ses Applications. Volume 3. Part 3, A ppli- 
cations dela Statistique 4 la Démographie et a la Biologie. By R. Risser. Paris, 
Gauthier-Villars, 1932. x+255 pp. 

In this comprehensive and superior Traité under the general editorship of 
Emile Borel, Risser’s section follows two sections written by H. Galbrun deal- 
ing with the premiums and reserves for life insurance. Risser’s section is in four 
parts, the first treating of sickness and disability. Here an integro-differential 
equation appears, the derivative expressing the rate of change from the active 
class to the inactive class, and the integral the return from inactivity. This 
equation is reduced to a Volterra equation of the second species, and solved 
by means of an infinite series of definite integrals. Relations among the various 
probabilities involved are deduced. 

The second part takes up population statistics from the standpoint of Broggi, 
with the two survivor aggregates and the three death aggregates. Then, for 
the Makeham law, the determination of the parameters by the King-Hardy 
method is set forth. When applied to the Population Masculine mortality table, 
the Makeham graduation is shown to be unsatisfactory when tested by the 
normal probability law. A method for successive approximations is elucidated. 
Thiele’s law for survival, based upon the square root of the age, is exhibited; 
and also Oltramare’s, with its four exponential functions of the age. 

The third part deals with the fluctuations which take place in the popula- 
tions of species in their struggle for existence. This follows closely the work of 
Vito Volterra, but mention is made of W. Thompson, R. Ross, and of A. J. 
Lotka’s Elements of Physical Biology. The differential equation, giving rates of 
increase or decrease, is the natural starting-point in most problems; but the 
integro-differentia! equation also arises. 

The fourth part deals with graduation by the methods of Cauchy, Carvallo, 
Gauss, Tchebycheff, Gram, Poincaré, Legendre, Woolhouse, Karup, Higham, 
Achard, Sprague, and Fourier. 

Risser’s book is in line with the other excellent monographs appearing in 
the Traité. Many helpful numerical illustrations are inserted as needed. There 
is a table of contents, but no index. A fairly large number of references can be 
found in the footnotes. Some typographical errors appear; but they are seldom 
troublesome. The book should be decidedly interesting not only to the actuary, 
but to the student of pure mathematics as furnishing a natural origin for some 
theoretical problems. 

E. L. Dopp 


Determinanten. By Paul B. Fischer. Third Edition. Sammlung Goschen, No. 
402. Berlin, Walter de Gruyter and Co., 1932. 136 pp. 


This little volume gives an elementary introduction to the theory of deter- 
minants, their use in the solution of linear equations, some simple geometrical 
applications, and a brief treatment of determinants of special form. The ap- 
pearance of a third edition indicates that it has found favor with the public. 
For students in American colleges who have learned the elements of the the- 
ory, it will be useful as a means to get practice in reading German. 
ARNOLD DRESDEN 
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NOTES 


The Annals of Mathematics is now issued under the joint auspices of the 
department of mathematics of Princeton University and the school of mathe- 
matics of the Institute for Advanced Study. The American Mathematical 
Society will continue to be represented on the editorial board by three associate 
editors elected by the Society. 


The British Association for the Advancement of Science will meet at 
Leicester, September 6-13, 1933, under the presidency of Sir F. G. Hopkins. 
Sir Gilbert Walker is Secretary of Section A (mathematical and physical 
sciences). 


A foundation for the promotion of the international language “Inter- 
lingua” (Latin without inflections), in which the late Giuseppe Peano was 
especially interested, has been established in his honor, under the auspices of 
the journal Schola et Vita; it will be called the Fondo Peano pro Interlingua. 
Professor Tullio Levi-Civita is a member of the committee in charge. 


Professor Emil Artin, of the University of Hamburg, and Professor Emmy 
Noether, of the University of Géttingen, have been awarded the Ackermann- 
Teubner prize for research in mathematics. 


The Rudolf-Virchow medal of the Berlin Anthropological Society has been 
awarded to Professor Karl Pearson, of the University of London. 


The 1932 gold medal of the International Aeronautic Association has been 
awarded to Juan de la Cierva, inventor of the autogiro. 


The Italian Society of Sciences (the XL) has awarded its prize in mathe- 
matics for the year 1931 to Professor F. Cantelli, of the University of Rome, 
for his researches in the calculus of probability. 


The Royal Academy of Belgium has awarded its Charles Lagrange prize 
for the period 1928-30 to Dr. William Bowie, of the United States Coast and 
Geodetic Survey, for his uniform triangulation of Canada, the United States, 
and Mexico. 


The Paris Academy of Sciences announces the award of the following 
prizes for 1932: The Poncelet prize to Raoul Bricard, for his work in geometry; 
the Francceur prize to Henri Milloux, for his work in analytic functions; the 
Montyon prize in mechanics to Jules Haag, for his work in chronometry; the 
Fourneyron prize to Maurice Roy for his work in applied mechanics; the 
Henri de Parville prize to Joseph Pérés, for his work in hydrodynamics; the 
Henri Bazin Foundation prize to Dimitri Riabouchinsky, for his work in 
aerodynamics and hydraulics; the prize of the Navy to Pierre Malaval, for his 
work in the resistance and strength of materials; the LaCaze prize in physics 
to Eugéne Darmois, for his scientific work as a whole; the Hébert prize to 
Charles Lavanchy, for his work on the calculation and construction of aerial 
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lines at high tension; the Binoux prize to Abel Rey, for his work in the history 
of the sciences; the Grand Prix of the mathematical sciences to Jacques Soula, 
for his work in entire series; the Vaillant prize to Maurice Gevrey, for his work 
in partial differential equations; the Albert de Monaco prize to Louis de 
Broglie; a Trémont Foundation prize to Lucien Malassis, for his work on cal- 
culating machines; a Gegner Foundation prize to Wladimir Margoulis, for his 
work in nomography and its applications in aerodynamics and aviation; the 
Hirn Foundation prize to Adolphe Buhl, for his researches in transformations 
and invariances of multiple integrals, and their applications in mathematical 
physics; the Henri Becquerel Foundation prize to Henri Galbrun, for his work 
in the calculus of probabilities and the mathematical theory of insurance, and 
his study of the propagation of sound waves in the atmosphere. 


The Hopkins prize of the Cambridge Philosophical Society for the period 
1924-27 has been awarded to Professor G. I. Taylor, Yarrow research professor 
of the Royal Society, for his researches on hydrodynamics and on the deforma- 
tion of crystals, and for the period 1927-30 to Professor P. A. M. Dirac, of 
Cambridge, for his researches on the theory of quantum mechanics. 


The Royal Astronomical Society has awarded its gold medal for 1933 to 
Dr. V. M. Slipher, director of the Lowell Observatory, Flagstaff, Arizona, for 
his spectroscopic researches on planets, stars, and nebulae. 


The Mathematical Association of America has awarded its Chauvenet 
prize for an expository paper on a mathematical subject to Professor G. H. 
Hardy, of the University of Cambridge, for his paper entitled An introduction 
to the theory of numbers, which appeared in this Bulletin, vol. 35 (1929), pp. 
778-818. 


Dr. Henry Eyring, research associate in chemistry at Princeton University, 
has been awarded the ninth annual $1,000 prize of the American Association 
for the Advancement of Science, for his paper entitled Quantum mechanics and 
chemistry with particular reference to reactions involving conjugate double bonds, 
presented at the Atlantic City meeting. 


The Alfred Noble prize for the best technical paper of the year on a topic 
in engineering has been awarded to Frank M. Starr, of the General Electric 
Company, for his paper entitled Equivalent circuits, II. 


Aymar de la Baume Pluvinel has been elected a member of the Paris 
Academy of Sciences in the section of astronomy, as successor to the late G. 
Bigourdan. 


Professor L. Brusotti, of the University of Pavia, has been elected a corres- 
ponding member of the Reale Istituto Lombardo. 


Professors P. Burgatti, of Bologna, and C. L. Ricci, of Naples, have been 
elected corresponding members of the Turin Academy of Sciences. 


Professor Tullio Levi-Civita, of the University of Rome, has been elected 
foreign associate of the Royal Academy of Belgium. 
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Professor L. Brillouin, of the University of Paris, has been made an honor- 
ary professor. 


Professor Hans Geiger, of Tiibingen, has been appointed Scott lecturer at 
Cambridge University for the year 1933. 


The following seventy-nine doctorates with mathematics or mathematical 
physics as major subject were conferred during 1932 in universities in the 
United States and Canada; the major subject is mathematics unless otherwise 
specified. The university, month in which the degree was conferred, minor 
subject (other than mathematics), and title of dissertation are given in each 
case, if available. 


J. R. Abernethy, Michigan, On the application of divided differences to ap- 
proximation. 

Alice L. Ambrose, Wisconsin, June, major in philosophy, In defense of an 
extensional logic. 

Sister Mary Nicholas Arnoldy, Catholic, October, minors in physics and 
education, The reality of the double tangents of the rational symmetric quartic 
curve. 

N. H. Ball, Massachusetts Institute of Technology, June, minor in physics, 
Projective geometry of element-manifolds. 

R. A. Beaver, Cornell, September, minor in physics, Finite plane euclidean 
geometry. 

A. H. Black, Cornell, June, minor in physics, Types of tnvolutorial space 
transformations associated with certain rational curves. 

J. J. Brady, California (Berkeley), May, major in physics, A quantitative 
study of the photo-electric properties of thin alkali metal films. 

G. S. Bruton, Wisconsin, June, Certain aspects of the theory of equations for 
a patr of matrices. 

R. C. Bullock, Chicago, June, Non-conjugate osculating quadrics of a curve 
on a surface. 

J. H. Butchart, Illinois, June, minor in physics, Helices in euclidean n-space. 

R. H. Cameron, Cornell, September, minor in physics, Almost periodic 
transformations. 

J. F. Carlson, California (Berkeley), May, major in physics, The energy 
losses of fast particles. 

J. M. Clarkson, Cornell, June, minor in physics, Some involutorial line trans- 
formations inter preted as points of V2 of Ss. 

H. H. Conwell, Wisconsin, June, Linear associative algebras of infinite rank 
whose elements satisfy finite algebraic equations. 

Frances T. Cope, Radcliffe, June, Formal solutions of irregular linear differ- 
ential equations. 

A. H. Diamond, California (Berkeley), December, The complete existential 
theory of the Whitehead-Huntington set of postulates for the algebra of logic. 

J. L. Doob, Harvard, June, The boundary values of analytic functions. 

C. H. Fischer, Iowa, June, minor in economics, On correlation surfaces of 
sums with a certain number of random elements in common. 

D. G. Fulton, Michigan, Generalizations of the Cauchy integral formula. 
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C. E. M. Gewertz, Massachusetts Institute of Technology, June, major in 
electrical engineering, Synthesis of a finite four-terminal network whose driving 
point and transfer functions are prescribed. 

G. D. Gore, Chicago, August, Surfaces associated with a congruence. 

H. E. H. Greenleaf, Indiana, October, minor in physics, Curve approxima- 
tion by means of functions analogous to the Hermite polynomials. 

Harvey Hall, California (Berkeley), May, major in physics, Relativistic 
theory of the photo-electric effect. 

C. H. Harry, Johns Hopkins, June, Concerning spaces without local cut 
potnts and a geometry of acyclic spaces. 

M. C. Hartley, Illinois, June, minor in astronomy, Properties of algebraic 
plane quintics which are invariant under finite collineation groups. 

G. G. Havens, Wisconsin, June, major in physics, The magnetic suscepti- 
bility of some common gases. 

M. R. Hestenes, Chicago, June, Sufficient conditions for the general problem 
of Mayer with variable end-points. 

E. H. Hildebrandt, Michigan, Systems of polynomials connected with the 
Charlier expansions and the Pearson differential and difference equations. 

Banesh Hoffmann, Princeton, April, On the spherically symmetric field in 
relativity. 

I. O. Horsfall, Cornell, June, minor in physics, Transformations associated 
with the lines of a cubic, quadratic, or linear complex. 

Kuen-Sen Hu, Chicago, June, The problem of Bolza and its accessory bound- 
ary value problem. 

Ralph Hull, Chicago, August, The numbers of solutions of congruences in- 
volving only kth powers. 

R. E. Huston, Chicago, August, Asymptotic generalizations of Waring’s 
theorem. 

R. D. James, Chicago, June, Analytical investigations in Waring’s theorem. 

M. W. Keller, Indiana, June, minor in physics, A study of the angular velo- 
city about a point between the foci in Keplerian elliptic motion. 

S. H. Kimball, Harvard, June, On rigid motions in four dimensions, with 
applications to the Laguerre geometry of three dimensions. 

R. W. P. King, Wisconsin, June, major in electrodynamics, Characteristics 
of vacuum tube circuits having distributed constants at ultra-radio frequencies. 

E. C. Klipple, Texas, June, Spaces in which there exist contiguous points. 

H. L. Krall, Brown, June, An asymptotic expression of the characteristic 
values of the elliptic partial differential equation. 

J. H. Kusner, Pennsylvania, June, On continuous curves with cyclic con- 
nection of higher order. 

D. C. Lewis, Harvard, June, Infinite systems of ordinary differential equa- 
tions with applications to certain second order non-linear partial differential equa- 
tions of hyperbolic type. 

S. A. Lischinsky, Toronto, May, The expression of numbers as sums of 
squares and primes from specified arithmetic progressions. 

C. F. Luther, Stanford, June, minor in physics, Concerning primitive groups 
of class U. 

M. H. Martin, Johns Hopkins, June, On infinite orthogonal matrices. 
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R. S. Martin, California Institute of Technology, June, minor in physics, 
Contribution to the theory of functionals. 

Ruth G. Mason, Chicago, March, Studies in the Waring problem. 

David Moskovitz, Brown, June, Certain irregular non-homogeneous linear 
difference equations. 

A. F. Moursund, Brown, October, On a method of summation of Fourier 
series. 

S. B. Myers, Harvard, June, Sufficient conditions in the problem of the cal- 
culus of variations in n-space in parametric form and under general end condi- 
tions. 

Leo Nedelsky, California (Berkeley), May, major in physics, Radiation from 
slow electrons. 

Emma J. Olson, Chicago, August, Conjugate systems characterized by special 
properties of their ray congruences. 

G. B. Price, Harvard, June, On the double pendulum and similar dynamical 
systems. 

Irene Price, Indiana, October, minor in astronomy, On a certain type of 
polynomials. 

E. J. Purcell, Cornell, June, Involutorial space Cremona transformations 
determined by non-linear null reciprocities. 

A. W. Raab, Chicago, August, Jacobt’s condition for multiple integral prob- 
lems of the calculus of variations. 

Francis Regan, Michigan, The application of the theory of admissible numbers 
to time series. 

C. E. Rhodes, Cincinnati, June, Concerning the double Poisson integral and 
its derivatives. 

Nathan Rosen, Massachusetts Institute of Technology, June, major in 
physics, Calculation of energies of diatomic molecules. 

Helen G. Russell, Radcliffe, June, On the degree of convergence and overcon- 
vergence of polynomials of best simultaneous approximation to several functions 
analytic in distinct regions. 

Jacob Sherman, Pennsylvania, June, On the numerators of the convergents of 
the Stieltjes continued fractions. 

D. T. Sigley, Illinois, June, minor in physics, Groups involving a small num- 
ber of complete sets of conjugates. 

A. Sisk, Cornell, June, The plane symmetric quintic Cremona involutions. 

A. H. Smith, Brown, October, On the summability of derived series of the 
Fourier-Lebesgue type. 

A. E. Staniland, Pittsburgh, June, On the Segre curved four-space representa- 
tion of the plane of two complex variables. 

Mildred M. Sullivan, Radcliffe, June, On the derivatives of Newtonian and 
logarithmic potentials near the acting masses. 

J. F. Thomson, Michigan, Motion of the electrons of the helium atom. 

Sister Mary Domitilla Thuener, Catholic, June, minors in physics and 
education, On the number and reality of the self-symmetric quadrilaterals in- 
and circumscribed to the triangular-symmetric rational quartic. 

E. W. Titt, Princeton, June, Systems of partial differential equations and 
their characteristic surfaces. 
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A. W. Tucker, Princeton, June, An abstract approach to manifolds. 

Alice W. Turner, Toronto, October, minor in philosophy, (I) Note on con- 
jugate Fourier integrals; (11) Convergence of the Poisson integral. 

C. H. Vehse, Brown, June, Acceleration stresses in a heavy wire rope. 

C. W. Vickery, Texas, June, minor in philosophy, Spaces in which there exist 
uncountable convergent sequences of points. 

J. P. Vinti, Massachusetts Institute of Technology, June, major in physics, 
The variational calculation of atomic wave functions. 

E. H. Wagner, Michigan, A treatment of systems of linear difference equa- 
tions having faculty series as coefficients. 

A. M. Wahl, Pittsburgh, June, minor in mechanics, Bending of semicircular 
plates with and without radially slotted peripheral portions. 

A. E. Whitford, Wisconsin, June, major in physics, Zeeman effect of the 
K II spectrum. 

Hassler Whitney, Harvard, February, The coloring of graphs. 

Kamcheung Woo, California (Berkeley), May, Projective-transformation 
group on a hyperquadric in four-dimensional space. 

Marguerite L. Zeigel, Missouri, August, minor in physics, Some invariant 
properties of a two-dimensional surface in hyperspace. 

Dr. Kornel Lanczos, of the University of Frankfurt, has been promoted to 
an associate professorship of theoretical physics. 

Dr. Emanuel Spoerner, of the University of Hamburg, has been appointed 
professor of mathematics at Tsing Hua University, Peking. 

Professor B. L. van der Waerden, of Leipzig, has been appointed Rouse 
Ball lecturer at Cambridge University for the year 1932-33. 

Dr. H. R. Hulme has been elected to an unofficial Drosier fellowship at 
Gonville and Caius College, Cambridge, for research in mathematical physics. 

Professor Jesse Douglas, of the Massachusetts Institute of Technology, has 
been granted leave of absence for the second semester of the present academic 
year. 

Professor Solomon Lefschetz of Princeton University has been appointed 
to the Henry Burchard Fine chair of mathematics to succeed Professor Oswald 
Veblen. 

Associate Professor J. J. Nassau, of the Case School of Applied Science, 
has been promoted to a professorship of mathematics. 

Professor R. L. Borger, of Ohio University, Athens, Ohio, died December 
26, 1932. Professor Borger had been a member of the American Mathematical 
Society since 1905. 

Mr. J. D. Grant, assistant in mathematics at the University of Illinois, 
died July 9, 1932. 

Dr. Ormond Stone, retired professor of astronomy at the University of 
Virginia, died January 17, 1933, at the age of eighty-six. Dr. Stone had been a 
member of the American Mathematical Society since 1891. 

Mr. R. M. Webb, of the Kansas City Life Insurance Company, a member 
of the American Mathematical Society, died December 26, 1932. 
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ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THIS SOCIETY 


The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation at 
meetings of the Society. They are numbered serially throughout 
this volume. Cross-references to them in the reports of the meet- 
ings will give the number of this volume, the number of this 
issue, and the serial number of the abstract. 


67. Professor A. D. Campbell: Pseudo-covariants of an n-ic 
in m variables in a Galois field that consists of terms of this n-ic. 


If we subject an -ic in m variables in a Galois field of order p* to linear 
homogeneous transformations with coefficients and variables in the same 
Galois field, we find sets of terms of this m-ic behaving in a strange fashion. 
We call these sets of terms pseudo-covariants. For example, we note that the 
only terms in the m-ic that can furnish terms in the transformed equation 
whose factors all have exponents less than p are those terms in the original 
equation of the n-ic whose factors all have exponents less than p. If the m-ic 
has no such terms as described above, we consider the terms in the n-ic that 
have each just one of the exponents u such that p<u<*, while all the other 
exponents are less than ». In a similar manner we define the other pseudo- 
covariants of an n-ic. This paper makes a study of these pseudo-covariants 
and of the transformations of their coefficients caused by the linear transfor- 
mations of the variables. (Received January 21, 1933.) 


68. Mr. Morris Halperin: The non-analytic character and the 
areas of Kasner’s convex curves. 


A Kasner convex curve is defined as the limit of a sequence of convex 
polygons, each of which is obtained from the preceding one by measuring off 
from both ends of every one of its sides the rth part of its length and cutting 
off the corners; r<1/2. Elsewhere in this Bulletin (abstract No. 39-1-63), Miss 
Lawrence points out that, except for r=1/4, these curves are non-analytic. 
This property of these curves the present author has proved in two ways: 
(1) by means of differential equations, (2) by a consideration of the ratios be- 
tween certain areas associated with these curves. The expression for the area 
of a Kasner convex curve is linear in the areas of two successive polygons of the 
defining sequence, and rational in r. (Received February 1, 1933.) 


69. Dr. J. L. Doob (National Research Fellow) : The ranges of 
analytic functions. 


Let f(z) be a function analytic in the interior of the unit circle of the z-plane 
Suppose that f(0) =0, and that there is an arc A on |z| =1 such that when 
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{z } is a sequence of points in |z| <1 approachinga point of A, lim inf 
Gn )| 21. Then the following is true. If Dz is an arbitrary closed point set in 
|w| <1 not containing w=0, and g an arbitrary integer, there is a neighborhood 
D, of w =0, depending only on D2, mA, q, but not on f(z), such that w=f(z) as- 
sumes every value in D2 at least q times if it does not assume every value in Dy. 
There is then a positive function k(mA), such that f (z) assumes every value in some 
circle of radius k(mA). With the help of these and more general results, we 
obtain theorems which contain as special cases well known theorems of Bloch, 
Bohr, Fekete, Montel, Valiron, and others. (Received February 3, 1933.) 


70. Mr. R. A. Beaver: Finite plane euclidean geometry. 


Veblen, Bussey, A. D. Campbell, and others have discussed finite geome- 
tries whose elements are defined in terms of marks of a Galois field. These 
papers, however, are almost exclusively devoted to finite projective geometry. 
In the present paper there is set up, by methods independent of projective 
geometry, a finite plane euclidean geometry, and its properties are extensively 
studied. (Received January 21, 1933.) 


71. Dr. A. W. Tucker (National Research Fellow) : Cell-spaces. 


The cells of a complex K may be regarded as the elements of an abstract 
space; with stars of cells for neighborhoods such a cell-space satisfies the first 
three Hausdorff axioms. Certain subsets (of cells of K) are open, or closed; each 
subset X has a closure C/(X). Let B(X) =Cl(X) —X. Then equivalent to the 
Hausdorff axioms are the boundary axioms X -B(X)=0; B(O)=0; B(X+Y) 
=B(X)+B(Y), mod X+Y; B(B(X))=0, mod X, analogous to the chain 
boundary relations F(AC+yD)=dF(C)+puF(D); F(F(C)) =0. Let K’=T(K) 
bea one-to-many correspondence of cells of K and K’. Then T+ is “continuous” 
if T (open X) =open X’. Here T resembles a subdivision if B(T(X)) =T(B(X)). 
All this has interesting interpretations in the dual complex K*. (The termin- 
ology is that of Lefschetz’s Topology; see also Tucker, Annals of Mathematics, 
April, 1933.) (Received February 2, 1933.) 


72. Mr. Moses Richardson: Invariants of symmetric product 
complexes. 


If a complex admits of a topological transformation of period #, it can be 
“collapsed” by regarding sets of » homologous points as single points. The 
Betti numbers (mod gq) of the resulting complex are computed for every 
q~p. Applications yield all the Betti numbers of a p-fold symmetric product 
of a complex, except those mod p. (Received January 25, 1933.) 


73. Professor P. A. Smith: The torsion coefficients of symmetric 
products. 


The methods of M. Richardson (abstract No. 39-3-72) fail on account of 
certain exceptions to yield a complete knowledge of the homology characters 
of symmetric products; the special methods necessary to complete the results 
are considered in the present paper. (Received January 25, 1933.) 


= 
= 
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74. Professor W. A. Wilson: A separation theorem. 


It is shown that, if A and B are connected sets lying in the locally con- 
nected compact metric space Z and A - B is totally disconnected or void, then 
Z is the union of two locally connected continua M and N, such that M-(B 
—A-B)and M-(A—A-B) are void, A- Bisa subset of M- N, and each com- 
ponent of M- N is locally connected. (Received January 16, 1933.) 


75. Dr. Selby Robinson (National Research Fellow): A 
metrization theorem of Chittenden and Pitcher. 


In 1919 (Transactions of this Society, vol. 20, pp. 229-230) Chittenden and 
Pitcher proved that for a Hausdorff space to be compact and metric it is neces- 
sary and sufficient that it have three properties (A,,), (G), and (H). In the 
present paper it is shown that property (G) isa necessary condition for metrizi- 
bility and that in a compact Hausdorff space it is also sufficient. By the well 
known Urysohn theorem (1924), perfect separability is also a necessary and 
sufficient condition for metrizibility of compact Hausdorff spaces. Perfect 
separability is independent of property (G) in general Hausdorff spaces, but 
is a consequence of property (G) and the Lindeléf property. Property (G) is 
implied by Axiom 1 of R. L. Moore’s book (this is still true if part (4) of Moore’s 
axiom is omitted) and equivalent to it in locally compact Hausdorff spaces. 
A V-space satisfying Moore’s axiom is a Hausdorff space which is reguiar, has 
a sequence G,, of families of regions which has a weaker form of the uniformity 
property of part (3) of Moore’s axiom, and also a sequence G,’ satisfying part 
(4) of Moore’s axiom. This uniformity property is implied by property (G), 
but together with regularity it implies property (G). (Received February 4, 
1933.) 


76. Professor Oystein Ore: On a special class of polynomials. 


In this paper is given a discussion of a special class of polynomials, which 
the author has called p-polynomials. They are of interest because of their ap- 
plications in number theory and also because they form an algebraic analogue 
to the linear differential polynomials. It is found that their roots form a 
modulus, and that adjoint polynomials, multipliers, and the Picard-Vessiot 
group of rationality can be introduced. A new proof of a theorem of Dickson’s 
on the complete set of invariants of the full linear group (mod ) is given. 
(Received January 25, 1933.) 


77. Mr. E. H. Hanson: A note on compactness. 


This paper deduces the conditions for compactness of a set of measurable 
functions from the general criterion for compactness in complete metric 
spaces, which says that a set S of elements of a complete metric space is com- 
pact if and only if, for every positive e, S is inclosable in a finite number of 
spheres of radius e. Such procedure suggests itself immediately, and it suc- 
ceeds without difficulty. Fréchet has obtained the result for measurable func- 
tions (Fundamenta Mathematicae, vol. 9, p. 25) but without making the 
deduction in the direct manner made possible by the use of the general crite- 
rion; the deduction given in this note, it would seem, is the simplest possible. 
(Received January 21, 1933.) 
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78. Dr. N. E. Rutt: Concurrence and uncountability. 


Suppose that Z is a plane bounded continuum expressible as the sum of a 
continuum X and an orderable class G of continua no two of which have in 
common any point not belonging to X and no one of which has no point in X. 
Series of elements of G are defined in a natural way, and it is explained under 
what circumstances two such series may be called the same or opposite in sense, 
and when concurrent. It is then proved that no collection H of series no two of 
which are concurrent or opposite in sense can be both well ordered and un- 
countable. It is proved also that if H, as above, consists as well of series each of 
which has a limit point in some definite element E of G, then H is well ordered 
and consequently countable. These results are then applied to the problem of 
expressing the set consisting of X and certain subcollections of G as the sum of 
a countable collection of continua. (Received January 21, 1933.) 


79. Dr. N. E. Rutt: Prime ends and order. 


Suppose that Z is a plane bounded continuum expressible as the sum of a 
continuum X and an orderable class G of continua no two of which have any 
common point in the complement of X and all of which have points in common 
with X. Natural correspondences between the order of the elements of G and 
the order of the prime ends of the connected domain £ complementary to X 
containing them are derived. These are applied to a study of the limiting sets of 
points of X and of prime ends of £ which certain subcollections of G may have. 
The paper concludes with an application consisting of an improvement upon 
that notion of order among the points upon the boundary of £ which is derived 
merely from the prime ends of £. (Received January 21, 1933.) 


80. Dr. G. T. Whyburn: Sets of local separating points of a 
continuum. 


Let L be the set of local separating points of a locally compact metric 
continuum M. In this paper it is shown that if H is any connected subset of 
M such that Hc L+C, where C is some countable set, then H is a locally 
connected G;. With this result it is proved that a necessary and sufficient 
condition for every connected subset of M to be a G; is that M—L be countable. 
Thus if M is locally connected and the non-local-separating points of each 
cyclic element of M are countable, then every connected subset of M is arc- 
wise connected. An example is given of a regular curve C having no continuum 
of condensation and containing nevertheless a connected subset which is not 
arcwise connected. (Received January 7, 1933.) 


81. Professor A. A. Albert: A note on the equivalence of alge- 
bras of degree two. 


In this Bulletin, vol. 36 (1930), the author gave necessary and sufficient 
conditions for the equivalence of any two rational generalized quaternion 
division algebras. These conditions were unnecessarily complicated, and were, 
moreover, not applicable to the case of algebras over a general field. The pur- 
pose of the present short note is to prove that the results of the paper cited 
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above may be simplified by a change of point of view to give very simple neces- 
sary and sufficient conditions for the equivalence of any two normal simple 
algebras of degree two. (Received January 19, 1933.) 


82. Dr. L. E. Bush: On Young’s definition of an algebra. 


J. W. Young has given a definition of a general algebra (Annals of Mathe- 
matics, (2), vol. 29, pp. 54-60). Every linear algebra is a general algebra, but 
not conversely, and a large part of the theory of linear algebras is valid for the 
general algebra. The operations made use of in Young’s definition, namely 
addition and multiplication, are operations within the algebra, i.e., they are 
applied to the elements of the algebra and yield an element of it. The usual 
definition of linear algebra presupposes a number field over which the algebra 
is taken, and makes use of an operation, namely scalar multiplication, not 
within the algebra. In the present paper certain additional restrictions are 
placed on Young’s general algebra which make it equivalent to the usual defini- 
tion of linear algebra. It is noted that these restrictions are equivalent to the 
postulation of a field over which the algebra is taken, and to the usual postu- 
lates on scalar multiplication. However, no use is made of an operation exter- 
nal to the algebra, although with these restrictions it is evidently possible to 
define a field and a scalar multiplication for the algebra. (Received December 
22, 1932.) 


83. Dr. L. E. Bush: On a generalization of certain theorems on 
algebras with a modulus. 


Certain of the theorems which lead up to the arithmetic of a linear associa- 
tive algebra with a modulus are here generalized to algebras without a modulus. 
In particular, it is shown that every non-nilpotent algebra over an algebraic 
field contains a maximal domain of integrity which includes a specified princi- 
pal idempotent and all of whose elements satisfy integral equations. (Received 
December 22, 1932.) 


84. Dr. R. D. James (National Research Fellow): The repre- 
sentation of integers as sums of pyramidal numbers. 


It has been shown by K. C. Yang (abstract No. 34-4~27, this Bulletin) 
that every integer can be represented as the sum of at most nine pyramidal 
numbers (x*—x)/6, x=1, 2,---. In this paper it is proved that all large 
integers require at most eight pyramidal numbers. The proof is similar to 
Landau’s proof (see, for example, his Handbuch der Lehre von der Verteilung der 
Primzahlen) of the theorem that all large integers are sums of eight cubes. 
(Received January 30, 1933.) 


85. Mr. Solomon Kullback: An application of characteristic 
functions to statistics. Preliminary report. 
P. Lévy’s definition (Calcul des Probabilités, p. 161) of a characteristic func- 


tion when extended to 7 variables gives the characteristic function of a function 
U of the variables x;(i=1, 2, - - - , m) whose law of distribution is given by 
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F(x1, X2, °° , dx,, where F is, on a certain n-dimensional 
manifold, R, a single-valued, non-negative, continuous function such that we 
have /rF(xi, x2,°**, Xn) dxidx2---dx,=1. A further extension has been 
made to the case of several functions U;(j=1, 2,---, m) of the variables 
xi(i=1, 2,---, m) whose law of distribution is the same as that above given. 
We show that the same results may be obtained by going back to fundamentals 
with the use of the discontinuity factor (1/2n)) d0. We verify 
and extend the results of Charlier (Arkiv for Matematik, Astronomi och Fysik, 
vol. 8, No. 4, pp. 1-39) and T. Kameda (Proceedings of the Tokyo Mathema- 
tico-Physical Society, vol. 9, pp. 155-159). The general theory is applied for 
the derivation of the distribution function of means, standard deviations, 
simultaneous distribution of means and standard deviations, correlations, 
Student’s ratio, x?, etc. for samples of m(m21) drawn from various parent 
distributions. (Received January 10, 1933.) 


86. Professor M. H. Stone: On the structure of Boolean algebras. 


This paper presents a theory of ideals and homeomorphisms for Boolean 
algebras and related systems which may be described as unitless Boolean 
algebras. The analogy with ideal theory in abstract rings (see van der Waer- 
den’s Moderne Algebra) is brought out by means of new sets of postulates for 
these algebras. Under the assumption that such an algebra A can be well- 
ordered, the existence and properties of prime ideals in A are established. Every 
ideal is shown to be the product of all its prime ideal divisors (it may be the 
product of fewer). The algebra A is shown to be isomorphic with an algebra A * 
whose elements are subsets of the set E of all prime ideals in A. Each set in A* 
can be regarded as a neighborhood (in the sense of Hausdorff) of every prime 
ideal belonging to it. When E is thus topologized, algebraic properties of A 
are interpretable as topological properties of E and conversely. In particular, 
the algebras homeomorphic with A are determined (up to isomorphisms) by 
means of the topological space E. It is of interest to note that all analogues of 
the maximal and minimal conditions so frequently postulated by algebraists 
lead in the present instance to finite algebras. (Received January 24, 1933.) 


87. Dr. E. F. Beckenbach (National Research Fellow): 
Bloch’s theorem for minimal surfaces. 

There exists a positive absolute constant B with the following property. Let 
the unit circle be mapped conformally on a minimal surface with unit area de- 
formation ratio at the origin; then on the minimal surface there is an open 
geodesic circle of radius at least B, containing no singular points, which is the 
one-to-one map of a portion of the unit circle. (Received January 9, 1933.) 


88. Professor L. E. Ward: A third-order irregular boundary 
value problem and the associated series. 

This paper is concerned with the characteristic functions defined by the 
differential system +c0u(0) =0, 
(0) + (0) + (0) + (x) + Boru’ (x) + Boou(x) = 0, 


a3;u'(0) +a30u(0) =0, where the a’s and §’s are real costants, the determinant 


| 
| 
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of the a’s is not zero, not all the 6’s are zero, and r(x) is analytic at x=0. There 
are derived certain properties of the function to which an infinite series of these 
characteristic functions converges if the convergence is uniform on any seg- 
ment of the interval (0, x). In brief, the function is analytic at x =0, and it and 
its derivatives satisfy an infinite set of equations at x =0, whose form depends 
on r(x), its derivatives, and the a’s of the first and third boundary conditions. 
Sufficient conditions are exhibited for the formal series corresponding to a given 
function to converge to that function, and a proof of such sufficiency is given. 
(Received January 6, 1933.) 


89. Dr. R. E. A. C. Paley and Professor Norbert Wiener: 
Notes on the theory and application of Fourier transforms. I-11. 


(I) The authors give a new proof of Carleman’s theorem, that a necessary 
and sufficient condition that the class of functions defined by the inequalities 
(x) |%dx< BA’ should be quasi-analytic is that log 
- [1/(1+1%) ]dr = ©. (II) The following theorem is proved: let f(@) be an odd 
function non-decreasing in the range (—z, 7), and absolutely integrable in that 
range. Then the conjugate function f(A) of f(6) is also absolutely integrable. 
The condition that f(@) should be odd cannot be omitted. (Received February 
11, 1933.) 


90. Dr. R. M. Gut: On the decomposition of prime ideals in 
relative icosahedron fields. 


Let k be an algebraic field and K an extension field of k, the relative group 
G of which is the icosahedron group. Because G is simple, all prime ideals of k 
decompose in K, and according to the theorems of Hilbert on relative Galois 
fields, there are 15 possible types of decomposition. A. Speiser has shown that 
if we suppose that k& contains the 5th roots of unity and eventually a further 
square root, there exists an equation of a certain normal type, defining K with 
respect to k. By means of certain normal resolvents and using theorems of 
Dedekind and Ore and certain auxiliary theorems, the present author has now 
determined the type of decomposition of any prime ideal of k which is prime 
to the relative dégree 60. Asa corollary there follows a necessary and sufficient 
condition that the relative different of K with respect to k is prime to the 
relative degree. This paper will appear in the Commentarii Mathematici Hel- 
vetici. (Received February 1, 1933.) 


91. Professor Jesse Douglas: A Jordan space-curve which 
bounds no finite sim ply-connected area. 


The author, in collaboration with Philip Franklin, recently gave an example 
of a skew polygon of a denumerable infinity of sides, every surface bounded by 
which has infinite area (Proceedings of the National Academy of Sciences, 
January, 1933). The present paper gives a simpler and more striking example 
of a Jordan space-curve such that every simply-connected surface bounded by 
the curve has infinite area. The brief description and proof will appear in the 
February, 1933, issue of the Proceedings of the National Academy of Sciences. 
(Received February 1, 1933.) 
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92. Mr. M. M. Flood: On the division transformation for 
matric polynomials. 


The matric polynomial h(A) is said to be associated with the matric polynom- 
ial b(A) if their product h(A)b(A) is of the same degree in \ as (A) and if the 
coefficient of the highest power of \ in the product is a non-singular matrix. 
The conditions that the polynomial h(a) shall be linear, quadratic, or cubic are 
determined in this paper, and a solution for h(A) is exhibited in each case. Itis 
shown, further, that if one such associated polynomial is linear, quadratic, or 
cubic, then all associated polynomials are linear, quadratic, or cubic respec- 
tively. These results are used in defining the division transformation for matric 
polynomials in case the leading coefficient of the divisor is singular but the 
determinant of the divisor not identically zero. (Received January 18, 1933.) 


93. Professor C. A. Garabedian: The uniformly loaded thick 
rectangular plate with at least two opposite edges supported. 


The problem suggested by the title comprises precisely the six cases that 
were solved by Estanave (Thése, Annales de l’Ecole Normale, 1900) for the 
thin plate. Passing to the thick plate, the case of four supported edges (problem 
of Navier) was solved by Mesnager for central load (Comptes Rendus, vol. 
164 (1917), p. 721) and by the author for uniform load (Comptes Rendus, vol. 
178 (1924), p. 619). The case of two free edges (problem of the beam) was also 
solved by the author (Comptes Rendus, vol. 179 (1924), p. 381). A recent 
paper by Galerkin (Comptes Rendus, vol. 193 (1931), p. 568) revives interest 
in our sixfold problem by describing a new possible method of attack, but does 
not give explicit solutions. The aim of the present paper is to exhibit in con- 
cise and usable form the complete solutions of all six cases. (Received January 
6, 1933.) 


94. Dr. G. B. Price: A study of certain dynamical systems with 
applications to the generalized double pendulum. 


The first part of this paper investigates the analytic continuation of periodic 
orbits in the neighborhood of a position of equilibrium of a reversible dynamical 
system with nm degrees of freedom. Two existence theorems establish the exis- 
tence of periodic orbits in certain new cases, and show that these orbits join 
two points of the oval of zero velocity. The second part of the paper continues 
the study in the case of two degrees of freedom by means of surfaces of section 
and surface transformations. Results on periodic orbits are obtained. The 
resuits are more specific when the system is symmetric in the origin. In the 
third part of the paper the theory developed in the first two parts is applied to 
the generalized double and m pendulums, systems of which the ordinary double 
pendulum is a special case. Most of the results of the paper hold only in the 
small, but it is shown in the third part that for the symmetric generalized 
double pendulum there exists in the large at least one periodic orbit which 
joins two points of the oval of zero velocity. (Received February 2, 1933.) 
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95. Dr. C. F. Luther: Concerning primitive groups of class u. 
Paper II. 


Limits to the degree of multiply transitive groups of class u(>3) containing 
a substitution of order 2 and degree u+e were given by the author in the 
American Journal of Mathematics, vol. 55 (1933), p. 77. The present paper is 
concerned with the limits of the degree m of the same groups that happen to be 
more than 2%+:+/2+ +, times transitive, where a=2, and 4, po, 
ps,***, pr are distinct odd primes. It is found that n<2“pipo--- pu 
/(2%pip2 pp —2)4+2%e/(2*—2)+1. If the condition upon the transitivity is 
merely that it exceed 2%(a = 2), the hypothesis that it be of class u is redundant. 
It can then be said that if the group contains a substitution of order 2 and 
degree 7, it will follow that n <2%/(2%—2), provided the group is not alternat- 
ing or symmetric. (Received February 4, 1933.) 


96. Professor Pauline Sperry: Ernest Julius Wilczynski. 


Professor Sperry’s paper is devoted to a short description of the life and 
work of Ernest Julius Wilczynski, whose long illness and recent death at a 
comparatively early age have inflicted so severe a loss upon mathematicians 
the world over, and deep sorrow upon a host of his friends and pupils. His work 
as the founder of projective differential geometry is compared briefly with 
later developments in Europe, especially in Italy, and his method is outlined 
and an illustration of it given. (Received February 8, 1933.) 


97. Professor B. A. Bernstein: Simplification of the set of four 
postulates for Boolean algebras in terms of rejection. 


The author simplifies the set of four postulates previously obtained by him 
as a reduction of Sheffer’s set of five postulates for Boolean algebras expressed 
in terms of the operation ‘‘rejection.’’ The simplification consists in replacing 
one of the postulates, P4, by a proposition in which the negative elements are 
fewer, and more symmetrically distributed, than in P4. In connection with the 
proof of the sufficiency of the new postulates, the author derives from them 
not only his old set, but also Sheffer’s set and the Whitehead-Huntington set. 
The consistency and the independence of the new postulates are established in 
connection with the complete existential theory furnished for the postulates. 
(Received February 9, 1933.) 


98. Dr. A. H. Diamond: The complete existential theory of the 
Whitehead-Huntington set of postulates for the algebra of logic. 


In this paper the author establishes the complete existential theory of the 
Whitehead-Huntington set of ten postulates for the algebra of logic, expressed 
in terms of logical addition and logical multiplication. The theory consists of 
propositions stating the existence or non-existence of concrete systems corre- 
sponding to all the affirmations and denials of the individual postulates. The 
propositions and concrete systems required to establish the theory far out- 
number those of complete existential theories hitherto published. The systems 
are all algebras of not more than three elements which, by means of the 
modular theory of Professor B. A. Bernstein, are expressed with a conciseness 
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and a simplicity not existing in proof-systems employed before the develop- 
ment of this theory. Further, the systems relate to postulates expressing laws 
found in many other mathematical theories and so may prove to be valuable 
as a source of proof-systems to be used in other sets of postulates. (Received 
February 14, 1933.) 


99. Professor E. T. Bell: The Latin square functions. 


The generalizations of the partial differential equations of mathematical 
physics recently discussed by G. Humbert and others make use of the func- 
tions introduced by Appell in 1877 which generalize circular and hyperbolic 
functions by being based on an imaginary mth root of unity. Passing at once 
to the general case we construct functions based on exponential functions in- 
volving an arbitrary algebraic number of degree n. When the algebraic field 
concerned is cyclotomic, the functions degenerate to Appell’s. The degenerate 
functions are related by means of the norm in a cyclotomic field. The norm is 
replaced in the general case by a set of relations connected with the general 
Latin square of degree n. The generalization is not immediately obvious. In 
Appell’s case the very degenerate Latin square is invariant under the substitu- 
tions of the cyclic group of degree m on the elements of its first row. In the 
general case there is no group connected with the Latin squares. (Received 
February 16, 1933.) 


100. Dr. A. E. Ross: A note on three equivalent theorems. 


Legendre’s classical! theorem on the indeterminate equation ax?+by?+cz? =0 
can be derived by means of quite elementary considerations (see, for example, 
Dedekind’s proof in Dirichlet’s Zahlentheorie or in Dickson’s Introduction to the 
Theory of Numbers). Next, it can be shown that conditions sufficient for the 
existence of a non-trivial solution insure the existence of a proper solution even 
with the omission of the requirement that a, b, c should contain no square fac- 
tors. Legendre’s theorem thus augmented is used (ibid.) to prove, quite simply, 
Gauss’s celebrated theorem on duplication for binary quadratic forms. H. J. S. 
Smith (Collected Mathematical Papers, vol. 1, pp. 480-83) employs the theo- 
rem on duplication to prove that any two ternary quadratic forms of the same 
genus can be transformed into one another by means of a transformation of 
determinant unity and with rational coefficients whose greatest common 
denominator is prime to 2 QA. It may seem at first sight that in passing from the 
first to the second theorem and then finally to the third one we each time pass 
from one statement to another of different depth. Therefore it may be of inter- 
est to note that assuming the last mentioned theorem of Smith we can deduce 
very simply the first mentioned criteria for solvability of ax*+by*+-cz*=0, 
and thus to show that the three theorems are actually equivalent. (Received 
February 16, 1933.) 


101. Dr. D. C. Duncan: A self-dual septimic possessing seven 
of each kind of the simple singularities, autopolar by seven rec- 
tangular hyperbolas and a circle. 


The equation of the locus is developed in homogeneous rectangular co- 
ordinates x, y, z under the assumptions: (1) the seven cusps are distributed at 
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equal intervals about the unit circle; (2) the curve is invariant under rotations 
through angles 2k7/7(k=1, 2,---, 6); (3) each cuspidal tangent is an axis 
of symmetry. It is then shown that the locus is invariant under 14 collineations 
and 14 correlations of which 8 are polarities by real conics. The locus is uni- 
partite, elliptic, and approximately realized by drawing secant lines through 
alternate points of the seven points equally spaced about the unit circle and 
then removing the chords from the interior of the circle. (Received February 16, 
1933.) 


102. Dr. D. C. Duncan: Three autopolar rational quintic 
curves. 


The self-dual rational quintic is in general not invariant under collineations 
and correlations (L. H. Swinford, Thesis, University of California Publications, 
1929). The quintic admitting the maximum number of correlations is invariant 
under a Giz consisting of six collineations, and six correlations of which four 
are polarities (L. E. Wear, this Bulletin, June, 1919, p. 405). In that exposition 
only one polarity is effected by a real conic and of the twelve collineations and 
correlations eight are imaginary. In the present paper three fornis of the self- 
dual rational quintic are discussed: (1) completely symmetric, singularities all 
distinct, invariant under the Gi2 including three of the four polarities by real 
conics; (2) quintic with three rhamphoid cusps, invariant under Gg, 3 collinea- 
tions and three polarities by three real conics; (3) quintic with two rhamphoid 
cusps, other singularities distinct, invariant under two collineations and two 
polarities by real conics. (Received February 16, 1933.) 


103. Dr. R. D. James: The value of the number g(k) in War- 
ing’s problem. 

Let g(k) be the least value of s such that every integer m is the sum of s 
non-negative kth powers; let G(k) be the least value of s such that every 
integer n>C is the sum of s non-negative kth powers. In the present paper 
an upper bound for g(k) in terms of k is deduced from the known results of the 
Hardy-Littlewood analytic method for G(k) when k=6. (See E. Landau, Vor- 
lesungen iiber Zahlentheorie, vol. 1, Part 6.) The method consists in first deter- 
mining the number C as a function of k, s, and e, where « is a small positive 
quantity; thus every integer n>C(k, s, «) is a sum of s kth powers when 
s2=s,(k, «). Then, using a theorem proved by L. E. Dickson (this Bulletin, 
37 (1931), page 551), it is shown that every integer n= C(k, s, €) isa sum of s 
kth powers when s=s2(k, ¢). The quantity « is chosen as a function of k so 
that s:(&) =s2(k) and hence g(k) Ss:(k) =s2(k). In particular it is proved that 
all numbers are sums of at most 183 sixth powers, 353 seventh powers, 665 


eighth powers, 1252 ninth powers, 2504 tenth powers, - - - . The best results 
previously known were 478 sixth, 3806 seventh, 31353 eighth, (ninth not 
known), 140004 tenth powers, - - - . (Received February 17, 1933.) 


104. Dr. Anne D. B. Andrews: The space quartic of the second 
kind by synthetic methods. 


One set of rulings of a quadric surface x and the tangent planes to a quadric 
cone K are put into projective one to one correspondence by means of a pencil 


206 ABSTRACTS OF PAPERS [March, 


of planes =, of the first order. The locus Q of points of intersection of corre- 
sponding elements is a space quartic of the second kind. To each point A of Q 


corresponds a 24, the locus of whose axes is a quadric cone =. The various 
relations between K, Q, and > are developed. (Received February 18, 1933.) 


105. Professor W. M. Whyburn: An existence theorem for 
differential systems. 


Perron and others (see Miiller, Mathematische Zeitschrift, vol. 26, pp. 637— 
645) have given existence theorems for differential systems that are of a type 
different from the ones that ordinarily occur in mathematical literature. These 
theorems outline a procedure which yields the existence of solutions on certain 
intervals and, at the same time, gives many properties of the solution functions. 
The present paper establishes a further theorem of the general type intro- 
duced by Perron. The paper also strives to remove some of the notation diffi- 
culties of former theorems and to show that this group of existence theorems 
constitutes a powerful tool in applied mathematics. (Received February 20, 
1933.) 


106. Mr. E. D. Rainville: On the representation of numbers 
modulo m. 


The classical Kronecker-Dirichlet extension of the notion of primitive root 
permits a unique representation modulo m for any n such that (m, m) =1. In 
another investigation the removal of the condition (n, m) =1 was necessary. 
That is the contribution of this note. If m=2%%p,% - - - p,%», the representa- 
tion in question is ” =270n‘ni9] | Fs 047*d,**(mod m) where the exponents in the 
congruence are subject to a system of simple restrictions. (Received February 
13, 1933.) 


107. Dr. T. S. Peterson: An integral equation with symmetric 
kernels. 


A solution, X(x, y), of the integral equation ftA (x, s) X(s, y)ds+J2X (x, s) 
-B(s, y)\ds=C(x, y), with symmetric kernels A(x, y) and B(x, y), may not in 
general exist. In this paper necessary restrictions on the function C(x, y) are 
determined in order to insure the existence of solutions; and with these re- 
strictions satisfied the nature of solutions is given. A discussion of ‘‘charac- 
teristic values’’ with respect to a pair of kernels plays an important part in the 
restrictive conditions on the function C(x, y) and the solutions of the above 
equation. (Received February 14, 1933.) 


108. Dr. T. S. Peterson: The analogue of Weyl’s conformal 
curvature tensor in a Michal functional geometry. 


In a series of papers A. D. Michal has investigated the properties and 
invariants of a certain type of functional geometry. It is the purpose of this 
paper to obtain a set of conformally invariant functionals which by analogy 
with current n-dimensional geometries may be called the functional conformal 
curvature tensor of the space. (Received February 14, 1933.) 
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109. Professor W. A. Manning: The order of primitive groups 
(V). 


If is the degree and u(>3) the class of an 8-ply transitive group, n<3u/2. 
By means of this new theorem it is possible to show that if a primitive group of 
degree n (not alternative or symmetric) contains a substitution of prime order 
p on gp letters (¢>7; p>2q—3), then n<gqp+3q—6. (Received February 24, 
1933.) 


110. Professor Raymond Garver: The transformation y =f’ (x). 


The transformation y =f’(x) on the roots of an nth degree equation f(x) =0 
leads to a transformed equation whose constant term, except for a constant 
factor, is the discriminant of f(x)=0. If the transformation can be applied 
easily we have a convenient method of finding the discriminant. The method 
is applied to the cubic, quartic, Bring-Jerrard quintic, Brioschi quintic, prin- 
cipal quintic and general trinomial equation. (Received February 25, 1933.) 


111. Professor B. A. Bernstein: On Section A of Principia 
Mathematica. 


Section A of Whitehead and Russell’s Principia Mathematica, which is 
concerned with the theory of deduction, contains “formal” propositions and 
“informal” statements. The writer discusses the logic of Section A in the 
light of Huntington’s new sets of postulates for the algebra of logic. The main 
results are that the “formal” Section A, whether in Huntington’s T-form or 
in the writer’s 1-form, is derivable from the logic of classes; that this “formal” 
Section A is not the whole of the logic of classes; and that neither of Hunting- 
ton’s two systems for the combined “formal” and “informal” Section A is suffi- 
cient for the logic of classes or for the logic of propositions. (Received March 9, 
1933,) 


112. Professor A. R. Williams: Analogues of the Steiner surface 
and their double curves. 


The rational surface x; where x, y, 2, are linear 
functions of 3 homogeneous parameters, and x+y+z-+w=0, is of order n?. 
There are 3 multiple right lines of order m, concurrent if is even, coplanar if 
n is odd. The order of the double curve is (n?—1) (m?—2)/2—(n—1) (n—2)/2. 
In addition to the multiple lines, it consists of 6(m—1) (n—2)/2 plane curves, 
each of order n, lying in planes through the 6 edges of the tetrahedron, and 
(n—1) (n—2) (n—3)/2 skew curves of order n. Each of these curves is isolated, 
except at one point, from the continuous portion of the surface, and its image 
in the plane is a pair of imaginary lines. (Received March 15, 1933.) 


113. Professor W. A. Manning: Degree and class of multiply 
transitive groups. 

At the 1932 summer meeting of the Society the author announced that 
if all the substitutions of degree<u-+e of a f-ply transitive group (t>6), of 
degree m and class u (>3) are of odd order, then n<2u—4e—2t+13. This 
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limit can be replaced by 2u—4e—5#+37, without change in the hypothesis 
of the theorem. By means of this new limit and certain results due to Dr. C. F. 
Luther, it can now be proved that if a group of degree m and class u(>3) is 
t-ply transitive (f>23), then n<6u/5+u/t—t. In the former communication 
it was shown that for such a group, n<3u/2 if t>11. But this is now shown 
to be true if £>7. Other results of the present paper are that n<4u/3 if ¢>11, 
and n<5u/4—1, if t>21; it being understood that the ¢-ply transitive groups 
in question are of class u and not alternating or symmetric. (Received February 
9, 1933.) 


114. Dr. E. F. Beckenbach and Professor Tibor Radé: 
On the isoperimetric inequality. 


If a is the area and/ the length of the boundary curve of a simply-connected 
plane region S, then a<(1/47)/‘. This classical theorem has been generalized 
by Carleman who showed that the inequality holds also if S denotes a minimal 
surface. It is proved in the present paper that the inequality remains valid for 
every surface S whose Gaussian curvature K is <0. Conversely, if the ine- 
quality holds for every portion of a surface S, then its K is <0. The proofs 
depend upon inequalities involving simple and double integral means of sub- 
harmonic functions. Some generalizations of these latter inequalities, which 
seem to be interesting in themselves, are also developed in the paper. (Received 
February 10, 1933.) 


115. Professor J. V. Collins: An unused system of coordinates 
in analytic geometry. 


This paper points out some of the advantages in analytic geometry of the 
(r, x) coordinate system which defines a point by its distance from the origin 
and its abscissa. The (7, x) system is especially well adapted to the discussion 
of conics and of certain higher plane curves, as Cassini’s oval and the conchoid 
of Nicomedes. It is also useful in the discussion of tangents, radii vectores, and 
radii of curvature. (Received February 19, 1933.) 


116. Professor M. H. Ingraham: On the rational solutions of 
the matric equations P(X)=A. 


Consider a polynomial P with coefficients in a field F and an n Xn square 
matrix A with elements in F. The m Xn square matric solutions X of P(X) =A, 
where X is a polynomial in A, were first found by Roth, who with others 
studied the general solution. This paper gives a new development of both 
these solutions and in addition gives a finite process for finding all the solutions, 
X, whose elements are rational in the coefficients of P and the elements of A. 
(Received Februry 21, 1933.) 


117. Mr. H. H. Alden: Solution of f(x, y)0z/0x+¢(x, y)d2/dy 
= in a neighborhood of a singular point. 


The real functions f and g are assumed to have continuous first partial 
derivatives in an open region R containing just one singular point. By a solution 
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of the given equation is understood a function 2(x, y) which is constant in no 
circle however small, and for which first partial derivatives exist and reduce 
the equation to an identity in x and y. If the singular point is a spiral point or a 
knot point of the system dx/dt=f(x, y), dy/dt=g(x, y), it is shown that no 
solution of the partial differential equation exists over the singular point. 
If the orbits of the system consist of a sequence of closed curves converging to 
the singular point, and spirals between these closed curves, no solution exists 
over the singular point. If the orbits are all closed, a solution over the singular 
point is exhibited, and is defined as follows: z(x, y) equals the square of the least 
distance from the singular point to the orbit through (x, y). If the orbits form 
a saddle, the same construction yields a solution over the singular point and all 
orbits not having the singular point as a limit point. The partial derivatives of 
2(x, y) are continuous except possibly at the singular point. (Received March 1, 
1933.) 


118. Dr. Francis Regan: The application of the theory of ad- 
missible numbers to time series with constant probability. 


Admissible numbers furnish a method for testing the consistency of the 
assumptions of the theory of probability. In this paper, the author extends 
the concept of admissibility to time series having a constant probability. An 
ideal set of points representing the time series is set up on the time axis in such 
a manner that there is a definite probability of getting a point in any interval. 
This set possesses the property necessary to use the statistical point of view 
of probability without any modifications, and if it is to satisfy the fundamental 
assumptions of the theory of probability, it is necessary that sequences of 
successes and failures be represented by the digits of admissible numbers. 
Hence, the number of conditions imposed upon these points has the power of 
the continuum since, for every interval, a different set of conditions is ob- 
tained. This paper shows the manner in which this set of points is obtained in 
order that these conditions be consistent and be satisfied. (Received March 3, 
1933.) 


119. Professor L. M. Graves: The existence of an extremum 
in problems of Mayer. 


This paper gives sufficient conditions for the existence of an absolute 
minimum in certain classes of Mayer problems with variable or fixed end- 
points. These classes are much more inclusive than those treated by the 
author in a recent note (this Bulletin, February, 1933, p. 101), although they 
do not include the difficult types of isoperimetric problems. The Mayer problem 
is treated both in parametric and in non-parametric form. As an essential 
preliminary to the existence proof, theorems are given on the semi-continuity 
of solutions of systems of differential equations which depend on arbitrary 
curves. (Received March 3, 1933.) 


120. Mr. D. S. Nathan: Regular infinitesimal transformations 
in a composite function space, 
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formal group in (C, En-1). (Received March 6, 1933.) 


function space. 


group. (Received March 6, 1933.) 


number. (Received March 6, 1933.) 


The results obtained by Kowalewski (Wiener Sitzungsberichte, vol. 120 
(1911), p. 1435) for the space C of real continuous functions of a real variable 
defined on (0, 1) are here extended to the composite function-space (C, E,), 
in which there serve as additional coordinates m independent real variables. 
Through the introduction of composite integral power series, regular infinitesi- 
mal transformations in (C, E,) are defined. The commutator of two such 
transformations is defined, and the group property is expressed in terms of it. 
The infinitesimal projective and conformal groups in (C, E,) are obtained. The 
following generalization of a theorem by Barnett (Proceedings of the National 
Academy of Sciences, vol. 15 (1929), p. 96) is proved: The subgroup of the 
infinitesimal projective group in (C, Z,) leaving invariant the unit sphere in 
(C, En) is transformed by a stereographic projection into the infinitesimal con- 


121. Mr. D. S. Nathan: Linear transformations in a com posite 


The non-singular finite linear transformations, and the infinitesimal linear 
transformations, in (C, E,) (see abstract, No. 39-3-120) are shown to have the 
group properties. A given infinitesimal linear transformation in (C, E,) gener- 
ates a one-parameter group of non-singular linear transformations in (C, E,). 
The coefficients of the generated transformations are determined. The applica- 
tion of these results to the obtaining of the finite projective and conformal 
groups in (C, E,,) is made possible by the introduction of homogeneous coordin- 
ates in the former case and of homogeneous sphere coordinates in the latter. 
A further application is in the proof that a given infinitesimal projective 
transformation in (C, E,) generates a one-parameter group of finite projective 
transformations in (C, E,) and in the determination of the coefficients of the 
generated transformations, with an analogous application to the conformal 


122. Mr. N. E. Steenrod: Finite arc-sums. 


It is shown that for a bounded and closed subset of M of E, to be a subset 
of the sum of two arcs of E,, it is necessary and sufficient that M have no con- 
tinuum of condensation. The problem of obtaining conditions under which a 
continuous curve is the sum of a finite number of arcs is reduced to the problem 
for the true cyclic elements as follows: In order that a continuous curve M be 
the sum of a finite number of arcs, it is necessary and sufficient that (1) the 
end-points of M be finite in number, and (2) each true cyclic element of M be 
the sum of a finite number of arcs, in every case numbering not more than 
a fixed integer k, and, in all but a finite number of the cyclic elements, beginning 
and ending at cut-points of M. In the special case of the boundary of a plane 
domain, a necessary and sufficient condition is that the nodes be finite in 
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OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


New York Crry, April 14-15, 1933. 


Abstracts must be in the Office of the Society, 501 West 116th St., New 
York City, not later than March 24. Abstracts received by March 6 will 
a r in the March issue of the Buttetin. A symposium on algebra is 
being arranged. The leading speakers will be Professor Oystein Ore, on 
Absiract ideal theory and applications, and Professor J. V. Uspensky, 
Applications of number theory to some problem of integration of ele- 
mentary functions. 


Cuicaco, April 14-15, 1933. 


Abstracts must be in the hands of the Associate Secretary, Mark H. 
Ingraham, University of Wisconsin, Madison, Wisconsin, not later than 
March 25. Abstracts received by March 6 will appear in the March issue 
of the Butietin. Professor C. C. MacDuffee will deliver a symposium 
lecture on Matrices with elements in a eg oad ideal ring. There will be 
a special memorial meeting in honor of Professor E. H. Moore, at 
which several of his students will speak. 


Tuirty-NInTH SUMMER MEETING, CHIcaGo, June 19-24, 1933. 


This meeting will be in conjunction with the meeting of the American 
Association for the Advancement of Science at the Century of Progress 
Exposition, but most of the actual sessions will be at the University of 
Chicago. Addresses will be delivered by Professors Lipét Fejér of the 
University of Budapest, Tullio Levi-Civita of the University of Rome, 
George D. Birkhoff of Harvard University, and Leonard E. Dickson of 
the University of Chicago. Other addresses and symposia in which 
American and foreign speakers will participate are being planned. The 
Mathematical Association of America will meet during the same week. 
Titles and abstracts of papers to be presented at this meeting should be 
in the hands of Associate Secretary Mark H. Ingraham, University of 
Wisconsin, Madison, Wisconsin, not later than May 20. Abstracts received 
before May 6 will appear in the May issue of this BuLLeTin. 


R. G. D. Ricnarpson, Secretary of the Society. 


Articles for insertion in the Buttetin should be addressed to E. R. 
Hepricx, Editor of the Buttetin, University of California at Los An- 

eles. Reviews should be sent to W. R. Lonctry, Yale University, New 

aven, Conn. Notes should be sent to H. W. Kuun, Ohio State Uni- 
versity, Columbus, Ohio. 

Subscriptions to the Butzetin, orders for back numbers, and in- 
quiries in regard to non-delivery of current numbers should be addressed 
to the American Mathematical Society, 450-459 Ahnaip St., Menasha, 
Wis., or 501 West 116th St., New York. 

The initiation fees and the annual dues of members of the Society 
(see this BuLtetin, p. 322, May, 1930; and the List of Officers and 
Members, September, 1932, p. 66), are payable to the Treasurer of the 
Society, Professor G. W. Mullins, 501 West 116th St, New York City. 
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